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Estimation of 3-D Angular Motion Using Gyroscopes 
and Linear Accelerometers 

This work presents a novel, real-time, angular motion 

estimation technique using a linear Gaussian estimator, and the 
outputs of linear accelerometers and gyroscopes, to assess the 
actual angular velocity of a rigid body in three-dimensional (3-D) 
space. The method obtains the covariances of the random actual 
3-D angular velocity, the angular velocity measurement and the 
measurement noise, from the time averages of the outputs of 

an array of nine linear accelerometers and the outputs of three 
orthogonal gyroscopes. These statistics are used by the estimator 
to calculate the angular velocity of the rigid body in 3-D space. 
The multisensor technique performance is evaluated through 

a computer simulation The results indicate the new method 

leads to mort accurate angular velocity values than are obtained 

conventionally. 

INTRODUCTION 

Accurate knowledge of the angular motion of a 
vehicle is extremely important in many applications 
such as strapdown inertial navigation [l, 21, satellite 
and space vehicle attitude control [3, 41, fine pointing 
and tracking [.%A, inertial stabilization [8-lo], 
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long-range reconnaissance [ll], and space photography 
[12]. Angular velocities are commonly measured using 
rate gyroscopes which are particularly sensitive to 
spurious torques acting on their gimbals leading to 
measurement noise [13, 141. The magnitude of these 
random torques establishes the gyroscope noise level 
determining measurement uncertainty. 'Ib minimize 
this uncertainty, optimal estimators can be used. 

The estimated state will, in general, be different 
from the actual or true state because of modeling 
errors and measurement noises. The goal of any 
estimation technique is to improve on the accuracy of 
the measuring device, so that the estimate is closer to 
the actual value than the measurement is. Enhanced 
performance is obtained at the expense of added 
complexity, but in many cases, this approach is more 
economical than using higher accuracy devices. 

The optimal estimation of the angular velocity of 
a vehicle in three-dimensional (3-D) space, based on 
noisy gyro measurements, is an application of a more 
general problem of estimating the value of an unknown 
state vector from a related measurement vector. This 
has significant practical importance since an exact 
solution can be obtained. 

Numerous estimation techniques have been 
developed to date [15-17]. These show that several 
of the major estimation algorithms lead to a common 
result for the linear and Gaussian case being 
considered here. However, to obtain angular velocity 
estimates based on data corrupted by noise, the 
statistics of both the process and the measurements 
need to be known. It is very unlikely that a complete 
ensemble of realizations from a random process would 
be accessible for the estimation process. In practice, 
time averages are used in place of ensemble averages, 
unless there is strong evidence to the contrary. This 
assumption is true for any ergodic process [18, 191. 
Even when ergodicity is questionable, time averages 
still provide highly useful information, frequently the 
best available. 

Consequently, this work presents a new method 
for obtaining the covariances of the actual 3-D 
angular velocity random process, the angular velocity 
measurement, and the measurement noise. These are 
obtained from the time averages of the outputs of an 
array of nine linear accelerometers and the outputs 
of three orthogonal gyroscopes. These statistics are 
then used with a linear-Gaussian estimator to assess 
the angular velocity of a rigid body in 3-D space. This 
constitutes the accelerometer gyro linear Gaussian 
(AGLG) estimation technique. The theory behind the 
development of this technique, and an evaluation of its 
performance, is presented in the following sections. 

DYNAMICS OF RIGID BODIES IN 3-D SPACE 

Before estimating the angular motion of a body, 
the basic equations governing its motion need to 
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be understood. Kinematically, motion of a body 
can be explained geometrically by establishing the 
timedependent relationships among its displacement, 
velocity, and acceleration. In so doing, it is frequently 
convenient to simultaneously use several frames of 
reference instead of a single inertial coordinate system. 
If one of these frames is designated as “fixed,” the 
choice is arbitrary; the others, not rigidly attached to 
it, are designated as “moving.” 

Considering the two moving particles P and Q 
in Fig. 1, the vectors Rp and RQ give the position 
of the two particles at any given time with respect 
to the fixed frame XYZ attached to 0. The vector 
R Q l p  gives the position of Q relative to the moving 
frame X’Y‘Z’ attached to P. Then it can be concluded 
that the position of Q is obtained by summing the 
vector RQIP to the vector Rp. The change rate of these 
vectors is obtained by differentiation, defining the 
velocities VQ, Vp and VQ~P. A second differentiation 
gives the acceleration vectors 4, Ap and A Q ~ P .  This 
procedure leads to the well-known expression [20, 211 
for the total acceleration of the particle Q (within the 
rigid body) with respect to an inertial coordinate frame 
attached to point 0 given below: 

4 = AP + W  x RQ/P + W  x (W x R Q / p )  (1) 

where 

Ap = acceleration of P with respect to 0 

W = angular body acceleration 

W = angular body velocity 

RQ/P =vector distance between P (start) and Q (end) 

x = cross product operator. 

Equation (1) shows that the most general motion 
of a rigid body is equivalent, at any given instant, 
to the sum of a translation (where all the body 
particles have the same acceleration as a reference 
particle P), and of a rotation (where the particle P 
is assumed to be fixed). Therefore, total acceleration 
measurements provide indirect information of the 
body angular motion. Padgaonkar, Hu, and others 
[22-261 have shown how to separate the accelerations 
due to translation from those due to rotation through 
various accelerometer placement schemes. They obtain 
expressions for angular acceleration measurements 
based on linear accelerometer outputs. 

A past limitation of the technique has been its 
sensitivity to accelerometer cross-axis coupling effects 
[27]. However, newer accelerometer technology and 
manufacturing techniques have significantly reduced 
cross-axis sensitivity to less than a fraction of a percent 
in some devices; therefore, it is no longer a concern. 
Furthermore, recent developments in accelerometer 
technology have led to a new generation of solid-state 
devices that are smaller, lighter, more accurate and 

IY’ 4 w  

Fig. 1. Threedimensional motion. 

less expensive than their predecessors [2S, 291. These 
devices make measuring angular motion with linear 
accelerometers a cost-effective alternative to using 
angular sensors. 

with linear sensors, consider the most general sensor 
arrangement shown in Fig. 2. Point 0 represents the 
center of vehicle rotation around which the angular 
velocity W = [WxWyWzIT is exerted. Xi-axial linear 
accelerometers are placed at points A, B, C, and D,  
providing the following 12 out uts: A s ,  A;, As,  

A; is the acceleration at point D in the Z direction, 
and likewise for the other outputs. Also, since the 
positions of each accelerometer with respect to each 
other (RB/,+,&/A,RD/,+) are known, all the necessary 
data is readily available to extract the desired angular 
motion information. Substituting these values into (l), 
and expanding the acceleration equations for AB, Ac, 
and AD in the direction of each axis, the following 
identities result: 

~5 = [A: - R B / A ( w ~ ~  + W,~J  

IIb illustrate how angular motion can be measured 

A;, A i ,  A;, A:, A:, A:, A D ,  R A;, and A;, where 

A; = [A: + R B / A ( ~ z  + wx WY )I 

A; = [A: - RB/A (WY - wx wz)] 
(2) 
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Z' RDIA = R and the above equations further simplify to: 

Wx Wy = ( A i  - A5 + A: - A i ) / 2 R  

Wx Wz = (A: - A2 + A5 - Az) /2R  (8) 

WyWz = (A: -A:  +A:  - Az)/2R 

Wi = (A; -A:  -A:  + Af;  - A ;  + A5)/2R 

Wy" = (A: -AS - A; + AT - Ag + A5)/2R 

W; = (A; - A: - A; + A: - A: + A;) f2R. 

System of equations (8) gives the cross product 

(9) 

of the angular velocities. System of equations (9) 
gives the square of the angular velocities. Notice 
how a measurement of the product of two angular 
velocities is obtained from a linear combination of the 
accelerometer outputs. This is a key result, because 
the time average of these signals provides, for ergodic 
motion, the correlation between the angular velocities 
needed to run the optimal estimators. 

accelerometers has not been taken into account. 
Making use of the additive noise model, the following 
relationships can be written for each accelerometer 
output: 

So far, the additive noise present in the 

~2 = a; +n,X 

z CGw:/'' 
2 - y  

CENTER OF ROTATION OF THE VEHICLE 

ANGULAR VELOCITY OF THE VEHICLE 
y = I W ,  wy WZI 

Fig. 2. Measuring linear accelerations. 

The above system of equations (2)-(4) can be 
modified to obtain expressions for the angular 
accelerations, based on the out uts of the linear 
accelerometers (A): through A!) for each of the 
orthogonal axes of a reference frame. This results in 
the new system of equations are given below: 

w x  = (A? - A 2 ) / 2 R q ~  - (A5 - A ~ ) / ~ R D / A  

WY = (A5 - & ) / ~ R D / A  - (Ai - A ~ ) / ~ R B / A  (5) 

WZ = (Ai  - A ~ ) / ~ R B / A  - (A$ - A 2 ) / 2 R c / ~ .  

Surprisingly, the importance of the additional 
information provided by the linear acceleration 
measurements, or how it can be used in the 
computation of the statistics of the angular motion, 
has been overlooked until now. This is seen by further 
manipulation of the initial system of equations (2)-(4), 
something that has not been done before, leading to 
the following equalities: 

A$ = U$ + n$ 

where A is the measured acceleration, a is the actual 
acceleration, and n is the noise in the measurement. 

nk ing  the expected value of these measurements, 
and assuming zero mean noise, the following is 
obtained : 

E[A;]  = E[a;] + E[n;] = E[a;] 

(11) 

E[A$] = E[a$] + E[ng] = E[a$]. 

Making use of these equalities, the correlation of 
the actual angular velocities WX, Wy and W z ,  not the 
correlation of the measurements, is given by 

EIWxWy] = E[.; - U: + U: - a 5 ] / 2 R  

E[WxWz] = E[& - U; + & - 4 ] / 2 R  

E[WyWz] = E[@ - U: + U;- ~ 5 ] / 2 R  (12) 
E [ W i ]  = E[a; - U; - U: + a5 - U; + a;]/2R 

E[W;] = E[uz - U: - U$ + a: - U$ + a2] /2R 

E[@]  = E[a; - U; - U; + U; - U: + a5] /2R.  

Furthermore, if the angular velocities are zero 
mean (or if the accelerometers have no dc response), 
the covariance matrix of W can be directly obtained by 
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qw.1 E[WXWY] E[WxWzl 
= E[WxWy] E[W,2] E[WyWz] 

E[WXWZ] E[WYWZI E[WiI 

LINEAR GAUSSIAN ESTIMATION ALGORITHMS 

= P x .  

The focus of this work is the real-time estimation 
of the 3-D angular velocity of a rigid body. To estimate 
any random variable, the probability distribution of 
the process that generated this variable needs to be 
known. It has been found through experience that the 
Gaussian distribution provides an accurate model for 
the behavior of many physical systems. In addition, 
this distribution provides an elegant analytical and 
computationally tractable form because its first and 
second moments, namely, its mean and covariance, 
completely specify the distribution. For the above 
reasons, the Gaussian distribution is selected here for 
modeling the random angular velocities of a rigid body. 

Among the many estimation techniques currently 
available, several quickly stand out including the 
conditional mean, maximum likelihood, minimum 
variance, maximum a posteriori, and a few other 
estimators. It has been shown that several of the most 
popular estimation algorithms lead to a common result 
for the linear and Gaussian case (the one of primary 
interest in this work). The term “linear estimation” 
is used in the context that given a state vector W 
and a measurement vector Z, the task of estimating 
W is performed with a linear operation on Z. The 

state-measurement model is defined as follows: 

Z = H W + V .  (14) 

Assuming the state W is Gaussian with mean Mw 
and covariance matrix Pw, and the measurement noise 
V is also Gaussian with mean Mv and covariance 
matrix Pv, the linear estimator XE in its most complete 
form is given by 

XE = [HTPV’H + P$]-’ 

x [HTPi l (Z  - M v )  + Pi’Mw].  (15) 

Equation (15) shows that to compute the estimate 
XE, the first and second moments of the stochastic 
processes W and V need to be known. The statistics of 
the measurement noise vector, mean and covariance, 
could be premeasured under laboratory conditions. 
However, there is no guarantee that they will not 
change under different environmental and/or operating 
conditions. This creates uncertainty about the noise 
level present in the system at the time the angular 
motion measurements are taken. Statistics of the 
measurement Z can be calculated from the acquired 
data, and often, statistics of the actual state W are 
approximated to them for lack of a better term. 
However, the previous section shows that, in the 
case of angular motion, the actual angular velocity 
covariance could be obtained by linearly combining 
the accelerometer outputs and time averaging 
them. It also shows that this technique is virtually 
immune to accelerometer noise, obtaining a more 
accurate covariance value than that from gyroscope 
measurements. Furthermore, since the actual state 
covariance PW can be obtained from accelerometers 
Px,  and the measurement covariance Pz from 
gyroscopes, it follows that the noise covariance PV 
can be inferred from the other two (assuming that W 
and V are uncorrelated) using the state-measurement 
model as follows: 

pV = p Z  - H P ~ H ~ .  (16) 

Equation (16) provides the noise covariance based 
on current measurements and under the encountered 
operational environment. This leaves no doubt about 
the noise levels present in the measurements, and 
requires no previous covariance calculations and/or 
assumptions. 

COMPUTER SIMULATION RESULTS 

The AGLG technique performance was evaluated 
through a computer simulation using random motion 
as the test case maneuver. The actual angular 
velocity of the rigid body, represented by W = 
[ W X W Y W Z ] ~ ,  was modeled to have band-limited 
Gaussian characteristics. Likewise, the angular velocity 
measurement vector Z = [ZX ZyZzIT, corresponding 
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to the outputs of the three orthogonal gyros (providing 
roll, pitch and yaw rates), were corrupted with 
band-limited white noise (V = [VxVyVzIT). Lastly, 
the linear accelerometer outputs were also corrupted 
by zero mean Gaussian noise. 

Pw = E F T )  = 

Band-Limited Random Variables 

P; P$ P$ 

P$ Pw” P$ 
P$ PG P* w 1. (22) 

The band-limited Gaussian random variables 
corresponding to angular velocities and measurement 
noises were obtained using the Ornstein-Uhlenbeck 
algorithm. Generally, random number generators 
deliver a fwed total power (rms value), but the 
frequency spread depends on the calculation interval. 
For the purpose of this simulation, the low-frequency 
power density is of interest, and casual use of a 
random number generator into a low pass filter could 
lead to illdefined variations. The Omstein-Uhlenbeck 
process maintains a constant source of power over 
a specified frequency band (see [NI). The process 
is implemented by generating a correlated random 
sequence from the general formula: 

N( i  + 1) = N(i)exp(-T/.r) + V(i) (17) 
where T is the sampling interval, T is the correlation 
time constant, and V is a Gaussian random variable. 

To find the V(i) that produces the correct power 
PN such that E[N2] = PN, (17) is squared, the 
expected value taken, and because it can be assumed 
that random variable V is uncorrelated with random 
variable N, the following relationship is obtained 

E[N2(i + l)] = E[N2(i)]exp(-2T/7) + E[V2(i)]. 

(18) 

(19) 

(20) 

Making use of the following relationship: 

E[N2(i)] = E[N2(i + l)] = PN 

E[V2(i)] = (1 - exp(-2T/T))P~. 

The band-limited random sequence generator can be 
expressed as 

N(i  + 1) = N(i)exp(-T/r) 

+ P ~ d l -  exp(-2T/.r)G(i) (21) 

where G(i) is a Gaussian random variable of zero 
mean and unit variance. 

First Numerical Example 

For this example, a low signal-to-noise ratio 
(SNR G 1) condition is used (signal and noise have 
comparable magnitudes) to take advantage of the 
optimal estimator. In most applications, little is 
gained by using an estimator when the signal is much 
larger than the noise, or for that matter, when the 
noise is much larger than the signal. Also, to be able 
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Fig. 3. Angular velocity covariances. 
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ANGULAR VELOCITIES - ROLL AXIS 
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Fig. 4. Linear Gaussian estimation results. 
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ANGULAR MOTION COVARIANCE 
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Fig. 5. Angular velocity covariances. 
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Fig. 6. Linear Gaussian estimation results. 
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IABLE I 
MSE Values 

Roll Mi 0.4030 0.4540 

Pitch Axis 0.5176 0.9210 

Yaw Axis 0.4646 1.2714 

Roll Axis 

TABLE I1 
MSE Values 

AGLG Conventional Measured 

0.3870 0.5705 1.0832 

Pitch Axis 

Yaw Axis 

0.3287 0.5009 0.9866 

0.3763 0.51 64 1.0101 

and yaw), the AGLG estimate XE, the conventional 
estimate &, the measurement Z, the estimation 
errors for XE and XC, and the noise V. These 
results show that the AGLG technique consistently 
provides more accurate angular velocity values than 
the ones obtained from noisecorrupted gyroscope 
measurements and from conventional estimators. The 
mean square error (MSE) between the actual and 
estimated values, averaged over lo00 data points, is 
given in "hble I. These MSE values clearly indicate 
that the AGLG technique provides reduction in mean 
square estimation error when compared with both 
conventional estimators and direct measurements. 

Second Numerical Example 

As a second numerical example, the AGLG 
technique is used to estimate the angular velocity 
of a rigid body undergoing the test maneuver 
with the following normalized angular rates (W = 
[Wx ~ Y W Z 1 3 :  

Roll : Wx(t) = fisin(2xfRt) with fR = 0.8 Hz 

Pitch: Wy(t) = fisin(2nfyt)  with fy = 1.0 Hz 

Yaw: Wz(t) = fisin(2xfzt)  with fz = 1.2 Hz. 

(24) 
The covariance of the above actual angular 

velocities is given by 

1.0 0.0 0.0 
PW = E(WWT) = 0.0 1.0 0.0 z Px. (W)  I 0.0 0.0 1.0 I 

The S N R  is low (SNR Z l), and Fig. 5 shows the 
plots of the covariance elements for Pw, Px, Pv, 
and Pz. The estimation results for this simulation are 

given in Fig. 6, showing the actual angular velocity 
W, the AGLG estimate XE, the measurement Z, the 
estimation error and the noise V. The conventional 
estimate Q, which lies between the AGLG estimate 
technique and the measured value, is not shown to 
make the figures easier to interpret. Once again, the 
AGLG estimation technique provides consistently 
more accurate values for the 3-D angular velocity of 
the rigid body. This is also evident from the mean 
square estimation error values given in lhble 11. 

SUMMARY AND CONCLUSIONS 

This paper addresses the real-time estimation of 
rigid-body 3-D angular motion. The fundamental 
equations governing the motion are reviewed, 
and it is shown that the measurement of linear 
accelerations provides valuable information about body 
angular motion. An array of nine orthogonal linear 
accelerometers is used to sense the cross-product 
between angular velocities. The actual angular velocity 
covariance is computed from the time average of 
these signals, and it is shown that the procedure 
is virtually immune to noise in the acceleration 
measurements. The actual covariance (obtained 
from accelerometer data) can be subtracted from the 
measurement covariance (obtained from gyroscope 
data) to calculate the noise levels present in the 
angular velocity measurements under the encountered 
operating environment. Finally, the data from the 
multisensor system is processed by a linear Gaussian 
estimator to enhance the accuracy of the gyroscope 
angular velocity measurements. 

Two numerical examples are given. The first for 
band-limited Gaussian motion, and the second for 
sinusoidal motion, both at low SNRs. In either case, 
the AGLG estimation technique consistently provides 
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more accurate values for the 3-D angular velocity of 
the rigid body, and lower mean quare estimation 
errors. 
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