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Model-Based Estimation of Ultrasonic Echoes
Part I: Analysis and Algorithms
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Abstract—The patterns of ultrasonic backscattered
echoes represent valuable information pertaining to the ge-
ometric shape, size, and orientation of the reflectors as well
as the microstructure of the propagation path. Accurate
estimation of the ultrasonic echo pattern is essential in de-
termining the object/propagation path properties. In this
study, we model ultrasonic backscattered echoes in terms
of superimposed Gaussian echoes corrupted by noise. Each
Gaussian echo in the model is a nonlinear function of a
set of parameters: echo bandwidth, arrival time, center fre-
quency, amplitude, and phase. These parameters are sen-
sitive to the echo shape and can be linked to the physical
properties of reflectors and frequency characteristics of the
propagation path. We address the estimation of these pa-
rameters using the maximum likelihood estimation (MLE)
principle, assuming that all of the parameters describing
the shape of the echo are unknown but deterministic. In
cases for which noise is characterized as white Gaussian,
the MLE problem simplifies to a least squares (LS) esti-
mation problem. The iterative LS optimization algorithms
when applied to superimposed echoes suffer from the prob-
lem of convergence and exponential growth in computation
as the number of echoes increases. In this investigation,
we have developed expectation maximization (EM)-based
algorithms to estimate ultrasonic signals in terms of Gaus-
sian echoes. The EM algorithms translate the complicated
superimposed echoes estimation into isolated echo estima-
tions, providing computational versatility. The algorithm
outperforms the LS methods in terms of independence to
the initial guess and convergence to the optimal solution,
and it resolves closely spaced overlapping echoes.

I. Introduction

By inspecting the backscattered echoes, the ultra-
sonic pulse-echo method aims to characterize the

propagation path and/or to determine the physical prop-
erties of reflectors in terms of their location, size, orien-
tation, and microstructure. The extraction of the infor-
mation related to various properties of reflectors requires
models that explain the formation of echoes. The forma-
tion of backscattered echoes can be studied through the
pulse-echo system for which the transducer impulse re-
sponse (pulse-echo wavelet) is the input, and the received
backscattered echoes are the output. This linear system
can be further decomposed into the propagation path re-
sponse (propagation filter) and the target response. The
propagation filter represents the frequency effects of the
propagation path caused by the frequency-dependent ab-
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sorption and scattering [1]. These effects can be observed
in terms of frequency dispersion, diffraction, phase shift,
and attenuation of the original pulse-echo wavelet. The
target response can be attributed to the following fac-
tors: target location with reference to transducer beam
field; target acoustical impedance; and geometric shape,
size, and orientation [2]. The target response is observed
in terms of reflection, attenuation, and phase inversion of
the original pulse-echo wavelet.
The signal parameters of ultrasonic echoes are sensitive

to the target and propagation path response as well as
to the transducer pulse-echo wavelet. The backscattered
echo from an isolated reflector can be considered as the
time-shifted, frequency-dissipated, and energy-attenuated
replica of the transducer pulse-echo wavelet. The time of
arrival (TOA) of the echo can be linked to the location of
the target when the path is homogeneous. The center fre-
quency of the echo with reference to the center frequency
of the pulse-echo wavelet can be attributed to the propa-
gation filter response. These two parameters of ultrasonic
echoes, TOA, and center frequency are of special interest
and have been widely used in ultrasonic applications [3],
[4].
Many ultrasonic testing applications are based on the

estimation of the TOA, time of flight (TOF), or the time-
difference of arrival (TDOA) of ultrasonic echoes. Target
localization relies on the estimation of the TOA of an echo
reflected from a target (flaw, layer . . . etc.) identified by
its impedance mismatch on the propagation path. Because
the transducer impulse response obscures the exact loca-
tion of the target, further processing, e.g., deconvolution,
of the target echo is needed to estimate high resolution
TOA [5]. The thickness measurement requires estimat-
ing the TDOA of echoes reflected from the boundaries
of a layer whose ultrasonic velocity is known. Similarly,
the velocity measurement requires estimating the TDOA
of echoes reflected from the boundaries of a layer whose
thickness is known [3]. Surface profiling is another TOF
estimation-based application in which the surface of an
object is exposed to narrowband ultrasonic pulses gener-
ated by a low frequency airborne transducer. The received
echoes are inspected to determine their TOF at the grids
of the object surface. Then, the TOFs are mapped to the
intensity levels to form the profile image [6], [7]. Subsam-
ple time delay estimation addresses the estimation of time
delays between different ensembles of the measured ultra-
sonic signal. In NDE (nondestructive evaluation) testing,
many samples of ultrasonic signals are collected and aver-
aged to improve the SNR. Subsample time delays arise
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between the ensembles because of the imperfections of
the measurement system or the unstable conditions in the
propagation path. The time delays of all of the samples
need to be estimated so that the signals can be aligned
on the time axis for better averaging as well as for better
TOF estimation [7], [9].
The methods used to estimate TOA, TOF, TDOA,

and subsample time delays in ultrasonic applications are
mainly based on the cross-correlation method. The cross-
correlation method stems from the “matched filtering” ap-
proach, where a linear time invariant filter is designed to
produce maxima at the TOA of the received echo. The
received echo is assumed to be a time-shifted, amplitude-
scaled, and noise-corrupted version of the reference echo.
The cross-correlation integral is computed by shifting the
reference echo and integrating over the received signal. It
would presumably produce a peak at the TOA of the re-
ceived signal because the correlation of the received signal
with the reference signal at that time instant is expected
to be the maximum. It should be noted that the cross-
correlation method is optimal when 1) the noise in the
received signal is characterized by white Gaussian noise
(WGN) and 2) the received signal is the time-shifted,
amplitude-scaled replica of the reference signal. Therefore,
any situation that violates either of those two assumptions
limits the use of the cross-correlation method.
The major shortcoming of the cross-correlation method

in TOF estimation is the unavailability of the reference
signal. Theoretically, the transducer impulse response is
the reference signal, but the exact shape of the impulse
response is not known. To overcome this, some specific
shape, depending on transducer frequency characteristics,
is assumed for the reference echo. In general, a measure-
ment for the reference echo is performed prior to the actual
experiment [1]. On the other hand, even if the reference
signal is available, the received echo might have under-
gone a shape distortion. The shape distortion may appear
in the form of frequency dissipation or phase shift or en-
velope distortion with respect to the reference echo. The
received echoes disperse in time as the ultrasound travels
deep into the material, introducing a frequency downshift
[10]. Therefore, the cross-correlation method in these cases
may become inefficient.
Another major limitation of the cross-correlation

method in TOF estimation is resolution, which is essential
in some applications. In the case of subsample time delay
estimation and surface profiling, the resolution of the es-
timator needs to be high (fine) to track small changes in
TOA. However, the resolution of the cross-correlation es-
timator is the sampling interval. This restricts the direct
use of cross-correlation method in subsample time delay
estimation. Further processing of cross correlation, such
as interpolation, parabolic approximation near the peak,
is usually employed to obtain high resolution estimates [7],
[9].
Another important parameter of an ultrasonic echo is

the center frequency. The center frequency of an ultrasonic
echo is influenced by the transducer center frequency as

well as the frequency characteristics of the propagation
path. The frequency modification of the path is due to the
frequency-dependent absorption and scattering, which is,
in turn, governed by the microstructure of the material
[11]. Many parameters of acoustic propagation that are
related to the characterization require an accurate estima-
tion of frequency [12]. In particular, the acoustic atten-
uation coefficient, mean scatterer spacing, backscattering
coefficient, and materials quality factor are all used for
tissue characterization in medical ultrasound or material
characterization in NDE.
The ultrasonic attenuation coefficient, for example,

characterizes the frequency-dependent absorption and
scattering. The attenuation has been shown to be almost
linearly dependent on frequency for soft tissues [13]. In
solids, e.g., polycrystalline metals consisting of cubic or
hexagonal, tightly packed grains, the attenuation coeffi-
cient depends on the third power of the frequency when
the testing is in the Rayleigh scattering region [2], [11].
These effects appear in the form of a frequency downshift
in the spectrum of the backscattered echoes as they prop-
agate deep into the material or tissue. This parameter can
be deduced from the center frequency or the maximum
frequency of the power spectral density (PSD) or from the
inspection of PSD as a whole [10]. However, the accuracy
and resolution of the center frequency rely on the accuracy
and resolution of the PSD estimation. The bias and high
variance in PSD introduced by the estimation method will
degrade the accuracy of the center frequency estimation.
Model-based time domain methods may be an alternative
to PSD methods in estimating the frequency of ultrasonic
echoes. Although ultrasonic backscattered echoes are not
stationary in general, they are close to locally stationary
over small ranges [14]. Then, over these small ranges, the
frequency of the echo can be represented by the sum of si-
nusoidal signals. This time domain approach to frequency
estimation will be presented in the model-based estimation
context.
In this study, we use a parametric signal model to an-

alyze ultrasonic backscattered echoes. This model is sen-
sitive to the signal characteristics, i.e., TOA, center fre-
quency, phase, amplitude, and bandwidth of the ultrasonic
echo. Several advantages have been projected using the sig-
nal model. First, high-resolution parameter estimates can
be achieved. Second, the accuracy of the estimation can
be evaluated. Third, the analytical relationship between
model parameters and physical parameters of the system
can be established.
The remainder of this paper is organized as follows.

The signal model is presented in Section II. Section III ad-
dresses the MLE of an ultrasonic echo in terms of model
parameters. Section IV analyzes the performance of the
estimation through analytical methods. In Section V, the
estimation problem is generalized to the estimation of a
known number of superimposed model echoes using EM
algorithms. The performance of the algorithms is tested
and compared with that of the LS methods for simulated
and experimental ultrasonic echoes.
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Fig. 1. Experimental setup for a planar surface reflector.

II. Gaussian Echo Model

In pulse-echo ultrasonic testing, the backscattered echo
from a flat surface reflector can be modeled as

s(θ; t) = β e−α(t−τ)2 cos(2π fc(t − τ) + φ) (1)
θ = [α τ fc φ β].

Because of its Gaussian-shaped envelope, this model will
be referred to as a Gaussian echo model. The signal pa-
rameters of the echo are α = bandwidth factor, τ =
arrival time, fc = center frequency, φ = phase, and β =
amplitude. These parameters have intuitive meanings for
an ideal surface reflector in a homogeneous propagation
path. Time of arrival τ is related to the location of the re-
flector. The bandwidth factor α determines the bandwidth
of the echo or the time duration of the echo in the time
domain. The center frequency fc is governed by the trans-
ducer center frequency and the frequency characteristics
of the propagation path. The echo has a specific ampli-
tude β and phase φ accounting for the impedance, size,
and orientation of the reflector.
To demonstrate the feasibility of the model, an experi-

mental setup, shown in Fig. 1, has been used. A block of
steel is positioned in the far field of a broadband 5-MHz
transducer (0.5-in. diameter, unfocused, manufactured by
Panametric) in the water tank. The measured echo (us-
ing the 5052PR Panametric ultrasonic pulser and data) is
sampled at 100 MHz with an 8-bit resolution. The reflec-
tion from the front surface is shown in Fig. 2(a), and its
magnitude spectrum is shown in Fig. 2(b). Fig. 2(c) de-
picts the estimated echo by fitting a Gaussian echo model
to the experimental echo. The estimated parameters of
this echo are bandwidth factor α = 25 (MHz)2, arrival
time τ = 1.07 µs, center frequency fc = 5.34 MHz, phase
φ = 0.87 rad, and amplitude β = 1.01. The estimation
SNR, i.e., the energy of the estimated signal over the en-
ergy of the estimation error, is 21.25 dB. The magnitude
spectrum of the estimated echo is shown in Fig. 2(d), which
is in good agreement with the magnitude spectrum of the
measured echo.
To account for noise effects in estimation, a noise pro-

cess can be included in the model. The noise comes from
measurement and can be characterized as the additive
WGN [2]. Then, the ultrasonic echo from a flat surface

reflector can be modeled as

x(t) = s(θ; t) + ν(t) (2)

where s(.) denotes the Gaussian echo model (1) and ν(t)
denotes the additive WGN process. This model can be
extended to a multiple echo model to represent echoes from
a known number of reflectors. Assuming a Gaussian echo
for each reflector, the received echoes can be modeled by
M-superimposed Gaussian echoes:

y(t) =
M∑

m=1

s(θm; t) + ν(t). (3)

Note that each parameter vector θm completely defines the
shape and location of the corresponding echo. This system
is illustrated schematically in Fig. 3.
In this study, we address the estimation of parameters

of Gaussian echoes when the measured backscattered sig-
nal contains additive WGN. To proceed further with the
estimation issues, we need to define and develop explicit
solution for some useful signal properties such as the echo
energy, SNR, and the echo bandwidth.

A. Energy, SNR, and Bandwidth of the Gaussian Echo

The magnitude spectrum of the normalized (β = 1)
and zero-phase (φ = 0) Gaussian echo wavelet (1) can be
written as

∣∣S(f)∣∣ = 1
2

√
π

α

(
e

−π2(f−fe)2

α + e
−π2(f+fc)2

α

)
(4)

where f denotes the frequency variable. The energy spec-
trum is obtained by taking the square of (4) as

Pss(f) =
π

4α

(
e

−2π2(f−fc)2

α + e
−2π2(f+fc)2

α (5)

+ 2e
−2π2f2

c
α e

−2π2f2

α

)
.

Finally, the echo energy can be obtained by integrating the
energy spectrum in the frequency range [−∞,∞]:

Es =
1
2

√
π

2α

(
1 + e

−2π2f2
c

α

)
. (6)

The exponential term in (6) is negligible for bandpass sig-
nals in which the center frequency is greater than the band-
width. For the exponential term to have less than 1% of
the energy, the condition f2

c ≥ 0.24α must be satisfied.
Based on this assumption and taking echo amplitude β
into account, the energy formula for the echo can be fur-
ther simplified as

Es =
β2

2

√
π

2α
. (7)

Note that the echo energy depends only on the amplitude
and bandwidth factor. For an ultrasonic signal represented
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Fig. 2. a) The measured echo reflected from the front surface of a steel sample. b) The normalized magnitude spectrum of the echo in (a).
c) The estimated echo in (a) by fitting a Gaussian echo model. d) The normalized magnitude spectrum of the echo in (c).

by M-Gaussian echoes, the energy can be calculated as
the sum of the energies of the composing echo plus the
cross energy terms, i.e., Eij =

∫
s(θi; t)s(θj; t)dt for i �= j.

Meanwhile, the SNR can be determined explicitly in the
case of WGN with variance σ2

ν as

SNR = 10 log
(
Es

σ2
ν

)
[dB]. (8)

The bandwidth of the echo can be deduced from the energy
spectrum (5). The great majority of the energy is confined
around the center frequency such that the signal energy far
away from center frequency is negligible. For a Gaussian
echo, the 98% bandwidth that contains 98% of the signal
energy is

BW98% = 0.382
√
α. (9)

In summary, when the ultrasonic echo is decomposed by
Gaussian echoes, one can assess the energy, SNR, and
bandwidth of the echo in terms of Gaussian echo parame-
ters. However, the determination of echo parameters from
the measured signal requires estimation. The estimation
problem is presented in the next section.

III. Maximum Likelihood Estimation of an

Ultrasonic Echo

For computational purposes, the observation model (2)
for an ultrasonic echo can be written in a discrete form as

x = s(θ) + ν (10)

where x ∈ �N is a vector of observations, ν ∈ �N is a
WGN sequence, and s(θ):θ ∈ �5 −→ s(θ) ∈ �N is a Gaus-
sian echo vector defined by the model

s(θ; t(nT )) =βe−α(t(nT )−τ)2 cos{2πfc(t(nT )− τ) + φ},
for n =0, 1, 2, . . . , N − 1 (11)

Fig. 3. Parametric signal model for ultrasonic backscattered echoes.

where t(nT ) are the discrete samples of the time variable t
and T is the sampling interval. The parameters of the echo
are stored in the parameter vector, θ = [α τ fc φ β].

Our goal is to estimate the parameter vector θ given
the observations in x. Several issues arise with the param-
eter estimation problem. First, the transformation from
parameter space to signal space, although appropriately
defined by the Gaussian echo model, is nonlinear. Hence,
the reverse process, the transformation from signal space
to parameter space is also nonlinear and has no explicit so-
lution. Second, the noise embedded on the measured signal
obscures the estimation of parameters. This degradation
needs to be quantified to assess the accuracy of estimation.
In this paper, we address the nonlinear parameter estima-
tion problem in the MLE framework. Then, we evaluate
the performance of estimation using analytical methods.
Assuming all of the observations (x) are independent and
identically distributed (iid), their joint probability density
function (pdf) obeys the normal distribution

p(x : θ) =
1

(2π)
N
2
∣∣C(θ)∣∣ 12

· exp
{

−1
2
(x − µ(θ))T C−1(θ)(x − µ(θ))

}
(12)

where µ(θ) = E{s(θ) + ν} is the mean vector and C(θ) =
E
{
(x − µ(θ))(x − µ(θ))T

}
is the covariance matrix of ob-

servations. This joint pdf with respect to the parameter
vector θ is known as the likelihood function. The MLE of
θ is defined as the value of the parameter vector that max-

Authorized licensed use limited to: Illinois Institute of Technology. Downloaded on October 02,2020 at 05:28:11 UTC from IEEE Xplore.  Restrictions apply. 



demirli and saniie: ultrasonic echoes: analysis and algorithms 791

imizes the likelihood function. For the case of WGN and
the constant parameter vector of the observation model
in (10), maximizing the likelihood function simplifies to
minimizing the LS function:

J(θ) = (x − s(θ))T (x − s(θ)) =
∥∥x − s(θ)

∥∥2
.

(13)

The MLE of θ can be found by minimizing this objec-
tive function, which only uses the observed data x and
the model s(θ). However, the objective function is non-
linear in the parameter vector θ, offering no immediate
solution. This optimization problem is recognized as an
unconstrained nonlinear LS problem because there is no
constrained region provided on the parameter vector. It-
erative optimization algorithms are available in scientific
program libraries for nonlinear LS problems. These algo-
rithms start with an initial guess for the parameter vector
then improve it in such a fashion as to minimize the objec-
tive function. The minimum value of the objective function
(global minimum) provides the optimal solution. However,
there may be local minima as well. Depending on the ini-
tial starting point, the algorithm may remain in one of the
local minima, yielding a suboptimal solution. Special care
may be needed to ensure optimal convergence specific to
the problem at hand.
We have explored the minimization of the objective

function (13) using two different optimization methods:
simplex search and Levenberg-Marquardt. The simplex
search method [15] (a first-order method) uses only func-
tion evaluations in iterating the parameter vector. This
method is known for its immunity to local minima but re-
quires significant iterations when compared with second-
order methods. The Levenberg-Marquardt method [16]
(a second-order method), in addition to function evalu-
ations, uses gradient information as well as the Hessian
matrix approximation to move on to the next iteration.
This method, although faster than the simplex search, is
sensitive to local minima. It requires a good initial guess
to converge to the optimal solution [17].
In this study, we have developed a Gauss Newton (GN)

algorithm tailored to our specific problem for fast compu-
tation. Taking advantage of the echo model, the GN iter-
ation formula [18] for estimation of the parameter vector
can be written as

θ(k+1) = θ(k) + (HT (θ(k))H(θ(k)))−1HT (θ(k))(x − s(θ(k)))
(14)

where H(θ) represents the gradients of the model with
respect to parameters in the parameter vector θ =
[α τ fc φ β]. In implementing the iteration formula,
the gradients can be calculated analytically to speed up
computations. The analytical gradients of a Gaussian echo
are derived in the Appendix A [see (A2)–(A6)]. Further-
more, the inversion of the termHT (θ)H(θ) in the iteration
formula can be bypassed by using its analytical equivalent
[see (A8), Appendix A). Finally, the iteration is terminated
when the norm of the improvement in the parameter vector

is less than a preset tolerance. In summary, the GN algo-
rithm for parameter estimation of a Gaussian echo can be
implemented in the following computational steps.

Step 1. Make an initial guess for the parameter
vector θ(0) and set k = 0 (iteration number).

Step 2. Compute the gradients H(θ(k)) and the
model s(θ(k)).

Step 3. Iterate the parameter vector:
θ(k+1) = θ(k) +
(HT (θ(k))H(θ(k)))−1HT (θ(k))(x − s(θ(k))).

Step 4. Check convergence criterion.
If
∥∥θ(k+1) − θ(k)

∥∥ < tolerance, then stop.
Step 5. Set k → k + 1 and go to Step 2.

A. Parameter Estimation Results and Discussions

The performance of the GN algorithm is tested and
compared with the simplex search algorithm for simulated
Gaussian echoes in WGN. An ultrasonic echo (11) with
bandwidth factor α = 25 (MHz)2 (the 98% bandwidth
is 1.91 MHz), arrival time τ = 1 µs, center frequency
fc = 5 MHz, phase φ = 1 rad, and amplitude β = 1 is
simulated when θ = [25 1 5 1 1]. This echo is sam-
pled at the sampling frequency fs = 200 MHz and stored
in a signal vector s. A realization of a zero mean WGN
sequence with variance σ2 is added to the echo to form
an observation vector x. Different variances of noise se-
quences are generated to simulate echoes with SNR of 20,
10, and 5 dB. The SNR of the echo is computed using
(8). Then, the GN and simplex search algorithms are ap-
plied to estimate the echo parameters. The initial guess,
θ(0) = 15 0.7 3 0 0.7], is provided for the parame-
ter vector in the algorithms. The simulated and estimated
echoes for different SNRs are plotted in Fig. 4. For com-
parison, the original echo used in simulation (solid line) is
also plotted in the figure along with the estimated echoes
(dotted line). The estimation results for both methods are
tabulated in Table I in terms of estimated parameters, the
mean square error, and the number of iterations.
The estimation of a noise-free echo [Fig. 4(a)] is

achieved with 100% accuracy [Fig. 4(b)]. However, the es-
timation of a noisy echo with a SNR of 20 dB [Fig. 4(c)]
is not the same as the original because the noise distorts
the shape of the echo, obscuring actual echo parameters.
As the SNR worsens, the accuracy of the parameter esti-
mation degrades as expected [for example, see Fig. 4(h)].
However, for each echo with different SNR, the two fun-
damentally different algorithms yield the same parame-
ter vector, supporting the idea of optimality for estimated
parameters. In fact, any initial guess relatively close to
the actual parameter vector would easily yield the opti-
mum. The initial guess far from the optimum may re-
sult in a suboptimal solution because of the local min-
ima. This is demonstrated using a very poor initial guess,
θ(0) = [2 0.3 3 0 0.7]. The GN algorithm produced
an estimate of θ∗ = [7 0.6 4 0.3 0.6], far from the op-
timal. However, the simplex search method, using the same
initial guess, achieves the optimum even though it takes
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Fig. 4. a) Noise-free echo. b) The estimated echo of the signal (a) plotted in a dotted line and the original echo plotted in a solid line. c) The
echo with a SNR of 20 dB. d) The estimated echo of the signal (c) plotted in a dotted line and the original echo plotted in a solid line.
e) The echo with a SNR of 10 dB. f) The estimated echo of the signal (d) plotted in a dotted line and the original echo plotted in a solid
line. g) The echo with a SNR of 5 dB. h) The estimated echo of the signal (g) plotted in a dotted line and the original echo plotted in a
solid line.

significant iterations. A good initial guess not only guaran-
tees the optimal solution but also saves extra computation.
A systematic procedure can be developed to make a good
initial guess for the echo parameters. This is not a difficult
task because the parameters of the echo are closely re-
lated to the transducer impulse response. The maximum
amplitude of the observation can be taken as an initial
guess for the amplitude of the echo. The arrival time of a
Gaussian echo is usually around the neighborhood of the
maximum value. The initial guess for center frequency and

bandwidth can be made based on zero-crossings and time
duration of the echo. Using this procedure, an initial guess,
θ(0) = [15 0.9 4.6 0 0.9], is made for the echo with
a SNR of 5 dB [Fig. 4(g)] and provided to the GN algo-
rithm. The algorithm achieves the optimal solution with
fewer numbers of iterations.

In conclusion, the parameter estimation of a Gaussian
echo when using a fair initial guess is robust and compu-
tationally efficient. Although the simulation results sup-
port the optimality of the estimated parameters, analyti-
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TABLE I
Parameter Estimation Results Using the GN and Simplex Search Methods.

Bandwidth Arrival Center Mean Number
factor time frequency Phase square of
[(MHz)2] (µs) (MHz) (rad) Amplitude error iterations

Actual parameters 25.0000 1.0000 5.0000 1.0000 1.0000
Initial guess 15.0000 0.7000 3.0000 0.0000 0.8000
Noise free
GN 25.0000 1.0000 5.0000 1.0000 1.0000 2.00E−13 16
Simplex search 25.0000 1.0000 5.0000 1.0000 1.0000 2.00E−13 624
20-dB SNR
GN 25.0898 0.9998 4.9936 7.2810 0.9919 4.54E−01 18
Simplex search 25.0898 0.9998 4.9936 7.2810 0.9919 4.54E−01 654
10-dB SNR
GN 25.5119 0.9909 5.0271 6.9725 1.0193 4.95E+00 16
Simplex search 25.5119 0.9909 5.0271 6.9725 1.0193 4.95E+00 752
5-dB SNR
GN 23.1312 0.9998 4.9869 0.9315 0.8736 1.61E+01 22
Simplex search 23.1312 0.9998 4.9869 0.9315 0.8736 1.61E+01 606

cal methods can be applied for formal proof. This issue is
addressed in the next section.

IV. CRLB Bounds for Performance Analysis

We have observed that the estimated parameters by
both of the methods (GN and simplex search) show a high
degree of consistency with the actual echo parameters used
in simulations. In general, any optimum parameter estima-
tor should be unbiased, i.e., on the average, it should yield
the true value of the parameter. Furthermore, the variance
of the optimum estimator should be less than that of all
of the other estimators. The Cramer-Rao Lower Bounds
(CRLB) provide a benchmark on the variances of the esti-
mators. That is, in the presence of noise, the variances of
estimators cannot be smaller than those prescribed by the
CRLB. The CRLB for a vector parameter θ is defined by
the following inequality [18]:

var (θ̂i) ≥
[
I−1(θ)

]
ii

(15)

where I(θ) is the Fisher information matrix defined as

[I(θ)]ij = −E

[
∂2 ln p(x; θ)

∂θi∂θj

]
(16)

where ln p(x; θ) is the log-likelihood function (12). For
any Gaussian observation model, where x is normally dis-
tributed as N(s(θ), σ2I), the Fisher information matrix
can be written as [18]

I(θ) =
1
σ2H

T (θ)H(θ) (17)

where H(θ) represents the gradients of the Gaussian echo
model [for details, see (A7) in Appendix A]. The analytical
derivation of the Fisher information matrix is also given
in the Appendix A, (A9). The terms along the diagonal of
the inverse Fisher information matrix [(A10) in Appendix

A] yields the CRLB analytical bounds on the variances of
estimated parameters:

var (α̂) ≥ 8α2

fsς
(18a)

var (τ̂) ≥ 1
fsςα

(18b)

var (f̂c) ≥ α

fsςπ2 (18c)

var (φ̂) ≥ α+ 4π2f2
c

f2ας
(18d)

var (β̂) ≥ 3β2

2fsς
(18e)

where ς denotes the SNR, and fs denotes the sampling
frequency.
The CRLB provide intuitive insights on the estima-

tion of parameters. The variance of any Gaussian echo pa-
rameter estimator depends on the SNR and sampling fre-
quency. Higher SNR and sampling frequency will improve
the accuracy of parameter estimation. Furthermore, the
variances of estimators also depend on the spectral char-
acteristics of the echo through the bandwidth factor and
center frequency. For example, the variance of the TOF
estimator (18b) inversely depends on the echo bandwidth.
This implies that echoes with large bandwidth (or narrow
timewidth) offer a more accurate TOF estimation. The
variance of the center frequency estimator (18c) also de-
pends on the bandwidth. The smaller the bandwidth (or
the broader the timewidth), the more accurate is the cen-
ter frequency estimation.
To assess the performance of estimation, we utilize a

Monte-Carlo simulation to observe the means of estimators
for bias and the variances of estimators against the CRLB.
A Gaussian echo with bandwidth factor α = 25 (MHz)2

(the 98% bandwidth is 1.91 MHz), arrival time τ = 1 µs,
center frequency fc = 5 MHz, phase φ = 1 rad, and
amplitude β = 1, summarized in a parameter vector,

Authorized licensed use limited to: Illinois Institute of Technology. Downloaded on October 02,2020 at 05:28:11 UTC from IEEE Xplore.  Restrictions apply. 



794 ieee transactions on ultrasonics, ferroelectrics, and frequency control, vol. 48, no. 3, may 2001

θ = [25 1 5 1 1], is simulated. A realization of a zero-
mean WGN process with the variance σ2 is added to the
echo. Then, the GN algorithm is applied to estimate echo
parameters. This process is repeated 100 times, yielding a
different estimate each time because of the random nature
of the noise process. The means and variances of estima-
tors are tabulated in Table II for echoes with SNR of 20,
10, 5, 2.5, and 1.25 dB. The actual echo parameters used in
simulation and the initial guesses for parameters are also
shown in the table. The Cramer-Rao analytical bounds,
computed using (18a) to (18e) are located under the vari-
ance of the estimators for comparison. It can be observed
that the means of the estimators nearly achieve the actual
parameter vector, and the variances of the estimators at-
tain the CRLB for SNR as low as 2.5 dB (see Table II).
Hence, these estimators are the minimum-variance unbi-
ased (MVU) estimators. In addition, this table indicates
that when the SNR is 20 dB or better, the estimation of
center frequency and arrival time is very accurate, i.e., the
estimation errors are less than 0.01% of the actual values.
In summary, the maximum likelihood estimator θ̂ is

MVU and asymptotically distributed as normal distribu-
tion, θ̂ ∼ N(θ, I−1(θ)), where I(θ) is the Fisher informa-
tion matrix evaluated at the true value of the parameter
vector. That is, for large enough data records, on the av-
erage, the MLE achieves the true value of the parameters,
and its covariance achieves the inverse Fisher information
matrix [18]. This forms the basis for claiming the optimal-
ity of the estimated parameters.
Although the estimated parameters may be optimal, the

degradation caused by noise is inevitable. The quantifica-
tion of degradation is desirable for asserting the degree of
confidence (resolution) on the estimated parameters. The
knowledge of the bound on the variance of an estimator
leads to a resolution bound, i.e., it can be determined from
the standard deviation of the estimator (the square root
of estimator variance, CRLB). That is, with a 90% con-
fidence, the estimated parameter is expected to lie in the
range θ̂ ∓ 2∆θ̂, where ∆θ̂ is the standard deviation. For
example, consider the arrival time estimation of the echo
with a SNR of 20 dB (Table II). The optimum estimator
for arrival time has been found to be τ̂ = 0.9999 µs, and its
standard deviation is calculated as ∆τ̂ = 0.0014 µs. The
confidence interval for the arrival time can be determined
as the interval 0.9998 ∓ 0.0028 µs. We note that this is
the best resolution that can be achieved in the presence of
noise.
In conclusion, the MLE of the Gaussian echo param-

eters using GN and simplex search methods achieves the
optimal solutions. The method also provides confidence
intervals on the estimated parameters by evaluating their
analytical CRLB at the values of estimated parameters.

V. MLE of M-Superimposed Echoes

It has been shown that the MLE of a Gaussian echo
is optimal. However, the parameter estimation problem

becomes more complicated when the MLE of a number of
superimposed Gaussian echoes is considered.
Consider the discrete version of the M-superimposed

Gaussian echo model (3):

y =
M∑

m=1

s(θm) + ν (19)

where s(.) denotes the Gaussian echo model and ν de-
notes a WGN sequence with variance σ2

ν . The parameter
estimation problem is to estimate the parameter vectors
θ1, θ2, . . . , θM given the noisy observation of echoes, some
of which may be overlapping. The direct LS approach to
this problem requires minimization of the term:∥∥∥∥∥y −

M∑
m=1

s(θm)

∥∥∥∥∥
2

,

with respect to parameter vectors. This is a multidimen-
sional optimization problem and requires search over M
parameter vectors. The increased complexity may result in
extra computational load and potential poor convergence.
As an alternative to LS methods, the EM algorithms

have been proposed for parameter estimation of superim-
posed signals in noise [19]. The EM algorithms translate
M-superimposed echoes estimation into M-separate echo
estimations by using unobserved data sets. We define xm

as the “unobserved data” set for the mth echo under a
WGN sequence νm as

xm = s(θm) + νm. (20)

This unobserved data represent a single echo in WGN and
relate to the observed data through a linear transformation

y =
M∑

m=1

xm (21)

where xm and y are Gaussian random sequences. It has
been proven that one can compute the MLE of the pa-
rameter vectors θm subject to data sets xm [19]. The MLE
of θm maximizes the pdf associated with the data set xm

(12). However, the data set xm is not directly available.
Given the linear transformation in (21), the expectation
of xm can be computed in terms of the observed data and
the current value of the parameter vectors [19] as

x̂(k)
m = s(θ(k)

m ) + βm(y −
M∑
l=1

s(θ(k)
l )), where

M∑
m=1

βm = 1.
(22)

This is basically the expectation step (E-Step) of the EM
algorithm. The maximization step (M-Step) involves the
maximization of the pdf associated with the corresponding
parameter vector using the expected signal from the E-
Step [20]. The M-Step iterates the parameter vector θ(k)

m

by minimizing:

θ(k+1)
m = argθm

min
∥∥∥x̂(k)

m − s(θm)
∥∥∥2

.

Authorized licensed use limited to: Illinois Institute of Technology. Downloaded on October 02,2020 at 05:28:11 UTC from IEEE Xplore.  Restrictions apply. 



demirli and saniie: ultrasonic echoes: analysis and algorithms 795

TABLE II
Comparison of the CRLB and the Variances of Estimators for Different SNR.

Monte Carlo Simulation Results Are Obtained Using 100 Trials.

Sampling Frequency Is 200 MHz.

Bandwidth Arrival Center
factor time frequency Phase
[(MHz)2] (µs) (MHz) (rad) Amplitude

Actual parameters 25.0000 1.0000 8.0000 1.0000 1.0000
Initial guess 20.0000 0.8000 6.4000 0.8000 0.8000
20.00-dB SNR
Mean 25.0207 0.9999 7.9986 7.2797 1.0015
Variance 0.2435 1.62E−06 1.40E−04 0.0041 6.58E−05
CRLB 0.2443 1.95E−06 1.23E−04 0.0049 7.33E−05
10.00-dB SNR
Mean 25.0325 0.9998 8.0027 7.2743 1.0038
Variance 2.5764 2.02E−05 0.0013 0.0527 7.00E−04
CRLB 2.4576 1.90E−05 0.0012 0.0501 7.00E−04
5.00-dB SNR
Mean 25.7558 0.9996 8.0054 7.2701 1.0116
Variance 7.6806 6.18E−05 0.0043 0.1550 0.0026
CRLB 7.8200 6.25E−05 0.0039 0.1596 0.0023
2.50-dB SNR
Mean 25.3903 0.9977 7.9957 7.1694 1.0095
Variance 13.7007 1.04E−04 0.0072 0.2663 0.0033
CRLB 14.0078 1.12E−04 0.0070 0.2859 0.0042
1.25-dB SNR
Mean 25.5538 0.9985 7.9688 7.2529 1.0090
Variance 26.1400 9.45E−04 0.0610 1.0738 0.0138
CRLB 18.6700 3.10E−04 0.0095 0.3813 0.0056

In summary, the EM algorithm for parameter estima-
tion of M-superimposed Gaussian echoes in WGN can be
implemented in the following steps.

Step 1. Make initial guesses for the parameter
vectors and form Θ(0) =

[
θ
(0)
1 ; θ(0)

2 ; . . . ; θ(0)
M

]
.

Set k = 0 (iteration number).
Step 2. For m = 1, 2, . . .M compute the expected
echoes (E-Step):

x̂(k)
m = s

(
θ(k)

m

)
+
1
M

{
y −

M∑
l=1

s(θ(k)
l )

}
.

Step 3. For m = 1, 2, . . .M , iterate the corresponding
parameter vector (M-Step):

θ(k+1)
m = argθm

min
∥∥∥x̂(k)

m − s(θm)
∥∥∥2

.

Step 4. Check convergence criterion:
if
∥∥∥Θ(k+1) −Θ(k)

∥∥∥ ≤ tolerance, then stop.
Step 5. Set k → k + 1 and go to Step 2.

In Step 2 (E-Step) of the algorithm, the expected signals
are computed using the current estimate of the parameter
vectors θ

(k)
m and the observed data y. Then, using these

expected signals, in the M-Step, θ(k+1)
m , is computed for

each signal as the maximum likelihood estimate for θ(k)
m .

In other words, the M-Step corresponds to the MLE of a
single echo using the estimated data x̂

(k)
m . Note that the

M-Step can be implemented using the GN algorithm de-
veloped earlier for single echo estimation. The initial guess
for the algorithm would be the current estimate of the mth
parameter set, and the data would be the expected signal
for the mth echo. Then, the algorithm would return the
MLE for the mth echo. Once the MLE for each echo is
performed, in the next E-Step, the expectation of each
echo x̂

(k)
m+1 will be computed using θ

(k+1)
m and so on. The

sequence of operations for iterations k = 1, 2, . . . ,K can
be diagrammed as

Θ(0)E − Step−−−−−−→x
(0)
1,2,... ,MM − Step−−−−−−→Θ(1)E − Step−−−−−−→x

(1)
1,2,... ,M

. . . x
(K−1)
1,2,... ,MM − Step−−−−−−→Θ(K).

After all of the parameters are updated, the norm of the
improvement in parameter vectors is compared against a
preset tolerance as the convergence criterion in Step 4 of
the algorithm. If not convergence, Steps 2 and 3 will be
repeated using estimated parameters from previous itera-
tion.

A. SAGE Algorithm

It can be observed that the EM algorithm has a parallel
computing structure that is at each step of the algorithm
at which the expected signals are computed using the cur-
rent estimate of parameter sets and the observed data.
Then, the corresponding parameter sets are computed us-
ing those expected signals. One alternative to this parallel
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structure is to update parameter sets right after the M-
Step, without waiting for the other parameter vectors to
be estimated. This incorporates the current estimate im-
mediately into the E-Step and hopefully speeds up the
convergence. This method is known as the generalized EM
algorithm. It has been noted that, compared with regular
EM, it has a faster convergence property [21]. For the case
of WGN, this method is also known as space alternating
generalized EM (SAGE) algorithm [22]. Similar to EM, the
SAGE algorithm involves estimating an “expected signal”
for each echo and then computing the MLE of the corre-
sponding parameter set using the expected signal and the
current value of parameters. This can be summarized in
the following steps.

Step 1. Make initial guesses for the parameter
vectors and form Θ(0) =

[
θ
(0)
1 ; θ(0)

2 ; . . . ; θ(0)
m

]
.

Set k = 0 (iteration number) and m = 1 (echo
number).

Step 2. Compute the expected signal for the mth
echo (E-Step):

x̂(k)
m = s(θ(k)

m ) +
1
M

{
y −

M∑
l=1

s(θ(k)
l )

}
.

Step 3. Iterate the mth parameter vector (M-Step):

θ(k+1)
m = argθm

min
∥∥∥x̂(k)

m − s(θm)
∥∥∥2

and

set θ(k)
m = θ(k+1)

m .
Step 4. Set m → m+ 1 and go to Step 2 unless

m > M .
Step 5. Check convergence criterion:
if
∥∥Θ(k+1) −Θ(k)

∥∥ ≤ tolerance, then stop.
Step 6. Set m = 1, k → k + 1, and go to Step 2.

In Step 2 (E-Step), using the current estimate of the
parameter vector θ(k)

m and the observed data y, the expec-
tation of the mth echo, x̂(k)

m , is computed. Then, using this
expected signal, in the M-Step, θ(k+1)

m is computed as the
maximum likelihood estimate for θ(k)

m . In other words, the
M-Step corresponds to the MLE of a single echo with the
estimated data x̂

(k)
m . Note that the M-Step can be carried

out using the GN algorithm developed earlier for single
echo estimation. Then, in the next E-Step, the expectation
of the next signal x̂(k)

m+1 will be computed using θ
(k+1)
m .

The sequence of operations for the first iteration can be
diagrammed as

θ
(0)
1 E − Step−−−−−−→x

(0)
1 M − Step−−−−−−→θ

(1)
1 E − Step−−−−−−→x

(0)
2

. . . x
(0)
M M − Step−−−−−−→θ(1)

m .

Once all of the parameters are updated, the convergence
criterion as the norm of difference between two consecutive
parameter sets is checked against the preset tolerance. If
not convergence, Steps 2 through 4 will be repeated using
estimated parameters from the previous iteration. The flow
chart of the algorithm is given in Fig. 5.

Fig. 5. The flow chart of the SAGE algorithm.

B. Multiple Echo Estimation Results and Discussions

The SAGE algorithm has been tested on the simu-
lated Gaussian echoes. We give an example of three non-
interfering echoes (Fig. 6) and three interfering echoes
(Fig. 7) in additive WGN. The parameter estimation re-
sults are tabulated in Table III for non-interfering echoes
and in Table IV for interfering echoes. In the tables, the
actual parameter vectors used in the simulation, the ini-
tial guesses for the parameter vectors, and the optimum
parameter vectors computed by the algorithm are listed.
For the case of three non-interfering echoes, the parame-
ter estimation is robust, regardless of a poor initial guess
(see Table III) and a significant noise level (the SNR is
about 12 dB). The parameter estimation results support
optimality, where the estimation SNR is about 31 dB.
For comparison of the SAGE algorithm with a LS algo-

rithm, the estimation of the three non-interfering echoes
(Fig. 6) is considered. The Levenberg-Marquardt [16] of
LS, given the same initial guess as to SAGE (Table III),
achieves the optimal solution. However, given an arbitrary
initial guess, the convergence is not guaranteed. This is
demonstrated using the example of three interfering echoes
(Fig. 7). The initial guess listed in Table IV is supplied to
both algorithms. The LS method fails to converge, but the
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TABLE III
Parameter Estimation Results for Three Non-Interfering Echoes with a SNR of 12.5 dB.

The Estimation SNR Is 31.60 dB. Number of Iterations Is 33.

Bandwidth Arrival Center
Echo factor time frequency Phase
parameters [(MHz)2] (µs) (MHz) (rad) Amplitude

Actual parameters 15.0000 1.0000 8.0000 0.5200 1.0000
12.0000 2.5000 7.5000 1.0400 0.9000
10.0000 4.0000 7.0000 1.5700 0.8000

Initial guess 8.0000 0.8000 6.0000 0.0000 0.5000
8.0000 2.3000 6.0000 0.0000 0.5000
8.0000 3.7000 6.0000 0.0000 0.5000

Estimated parameters 15.5400 0.9964 7.9930 0.3220 1.0140
12.1100 2.4970 7.4760 0.8976 0.9014
9.7380 4.0000 7.0160 1.5910 0.7935

TABLE IV
Parameter Estimation Results for Three Interfering Echoes with a SNR of 10.7 dB.

The Estimation SNR Is 14.69 dB. Number of Iterations Is 335.

Bandwidth Arrival Center
Echo factor time frequency Phase
parameters [(MHz)2] (µs) (MHz) (rad) Amplitude

Actual parameters 10.0000 1.5000 5.0000 1.0000 0.9000
9.0000 2.0000 7.0000 0.0000 1.0000
8.0000 2.5000 6.0000 0.0000 0.8000

Initial guess 8.0000 1.5000 6.0000 0.0000 0.5000
8.0000 1.5000 6.0000 0.0000 0.5000
8.0000 1.5000 6.0000 0.0000 0.5000

Estimated parameters 10.8900 1.5130 4.9990 1.3760 0.9290
8.8370 1.9980 7.0420 0.1232 0.9818
7.4050 2.4970 5.9690 0.1209 0.8099

TABLE V
Parameter Estimation Results for Two Closely Spaced Overlapping Echoes with a SNR of 11.7 dB.

The Estimation SNR Is 28 dB. Number of Iterations Is 889.

Bandwidth Arrival Center
Echo factor time frequency Phase
parameters [(MHz)2] (µs) (MHz) (rad) Amplitude

Actual parameters 20.0000 0.9000 5.6000 0.0000 1.0000
16.0000 1.1000 4.3000 1.9000 0.8000

Initial guess 25.0000 1.0000 6.0000 0.0000 1.2000
25.0000 1.0000 6.0000 0.0000 1.2000

Estimated parameters 19.8200 0.9094 5.6300 0.3200 0.9812
16.6200 1.1030 4.3200 2.0040 0.7807

TABLE VI
Parameter Estimation Results for Experimental Non-Interfering Echoes.

The SNR After Estimation Is 21.26 dB. Number of Iterations Is 64.

Bandwidth Arrival Center
Echo factor time frequency Phase
parameters [(MHz)2] (µs) (MHz) (rad) Amplitude

Initial guess 10.000 2.000 5.000 0.000 0.800
10.000 5.000 5.000 0.000 0.800

Estimated parameters 25.940 1.755 5.583 1.068 1.044
26.730 5.049 5.484 0.783 0.517
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Fig. 6. a) Three non-interfering echoes with a SNR of 12.5 dB; b) es-
timated echoes for (a).

Fig. 7. a) Three interfering echoes with a SNR of 10.7 dB; b) esti-
mated echoes for (a).

Fig. 8. a) Two closely spaced overlapping echoes with a SNR of
11.7 dB; b) estimated echoes for (a).

Fig. 9. a) Two non-interfering echoes reflected from the plexiglass
sample (4.8-mm thick); b) estimated echoes for (a).

SAGE algorithm achieves convergence. Note that the same
initial guess is used for the parameters of all three echoes
(see Table IV). It is known that the LS methods are sensi-
tive to the initial guess, i.e., only those initial guesses that
are close to optimum result in convergence. It is observed
that the SAGE method is far less sensitive to initial start-
ing point compared with the LS methods (see Table IV).
This argument can be attributed to the fact that the LS
method tries to fit M echoes simultaneously to the ob-
served data; the SAGE method tries to fit one echo at a
time to the unobserved data sets. However, the estimation
of the unobserved data brings about extra computation
and makes convergence slow. It can be verified that the
LS method converges faster than the SAGE method does
if the initial guess is near optimum.
Another shortcoming of the LS method is that it is in-

efficient to discriminate closely spaced overlapping echoes.
The SAGE algorithm does better than the LS method be-
cause it is able to differentiate the data sets associated
with the individual echoes (unobserved data). Consider
a simulation example (Fig. 8) consisting of two closely
spaced overlapping echoes in time. The LS method fails
to resolve the composing echoes given any initial guess;
but the SAGE algorithm succeeds given a fair initial guess
(Table V). However, the differentiation of the data points
for unobserved data sets is difficult because of the overlap.
Nevertheless, the SAGE algorithm is able to resolve the
overlapping echoes at the cost of significant iteration. The
optimal convergence (a desirable outcome) in this case is
traded over the computational complexity.
In this study, the SAGE algorithm has also been tested

on the experimental data. Fig. 9(a) shows the measured
echoes reflected from the front and back surfaces of a
plexiglass plate (4.8 mm thick). Fig. 9(b) shows the es-
timated echoes by the SAGE algorithm. Parameter esti-
mation results are listed in Table VI in terms of the initial
guess used in the algorithm, the estimation SNR, and the
number of iterations. The estimated echoes are in good
agreement with the experimental echoes when the estima-
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tion SNR is about 21 dB. The parameters of estimated
echoes offer conceptual interpretations for physical char-
acteristics of the sample. The TDOA of the echoes can be
linked to the thickness, and the amplitudes of echoes can
be linked to the reflection and transmission coefficients.
On the other hand, the center frequency and bandwidth
factor of the second echo with reference to the first echo
can be linked to the frequency-dependent attenuation. A
more detailed investigation for parameter estimation of ex-
perimental echoes is presented in the application part of
this study (see Part II).

VI. Conclusions

In this study, we developed a model-based estimation
method for analysis and system identification of ultra-
sonic backscattered echoes. The method is based on the
Gaussian echo model whose parameters represent certain
signal characteristics (TOF, bandwidth, frequency, phase,
and amplitude) of an ultrasonic echo. Consequently, the
backscattered echoes can be represented by the sum of
Gaussian echoes had their parameters been accurately es-
timated. Then, we addressed the MLE of the Gaussian
echo parameters in the presence of noise. First, we de-
veloped a fast GN algorithm for parameter estimation of
a Gaussian echo in WGN. Through Monte-Carlo simula-
tion, we have shown that the estimated parameters are un-
biased, and their variances achieve the analytical CRLB.
Consequently, the estimated parameters are said to be op-
timal. Then, the problem is generalized to the estimation
of M-superimposed Gaussian echoes in WGN. However,
this problem cannot be solved efficiently using a simple LS
optimization method because of the increased complexity
of the problem. Alternative to LS methods, the SAGE al-
gorithm is proposed. The SAGE algorithm translates the
M-echo estimation problem into one-echo estimation prob-
lems, providing computational versatility. The algorithm
has been shown to be superior to the LS optimization
methods in that it is less dependent on the initial guess
and able to resolve closely spaced overlapping echoes. The
algorithm has also been tested on the experimental ultra-
sonic echoes reflected from planar surfaces. We have ob-
served that the model-based estimation method achieves
a very good representation of the measured echoes. This
representation leads to a quantitative evaluation of ultra-
sonic echoes in terms of temporal and spectral characteris-
tics. Furthermore, the estimated parameters have intuitive
meanings for reflection and frequency-dependent attenua-
tion and, hence, can be used for system identification. The
potential NDE applications of the model-based estimation
method are presented in Part II of this paper.

Appendix A

Analytical Derivation of Gradients, Fisher

Information Matrix, and CRLB Bounds

The Gaussian echo model is defined by

s(t; θ) = βe−α(t−τ)2 cos{2πfc(t − τ) + φ} 0 ≤ t ≤ Ts

(A1)

where θ = [α τ fc φ β] denotes the parameter vec-
tor. The echo is assumed to exist in the interval [0, Ts]
and has a bandpass characteristic. To simplify analytical
derivations, we consider the following kernel functions:

f(t; θ) = e−α(t−τ)2 cos{2πfc(t − τ) + φ}

g(t; θ) = e−α(t−τ)2 sin{2πfc(t − τ) + φ}.

The partial derivatives of the Gaussian echo in terms of
the kernel functions can be written as

∂s(t; θ)
∂α

= −β(t − τ)2f(t; θ) (A2)

∂s(t; θ)
∂τ

= 2αβ(t − τ)f(t; θ) + 2πfcβg(t; θ)
(A3)

∂s(t; θ)
∂fc

= −2πβ(t − τ)g(t; θ) (A4)

∂s(t; θ)
∂φ

= −βg(t; θ) (A5)

∂s(t; θ)
∂β

= f(t; θ). (A6)

The Fisher information matrix is defined as (17):

I(θ) =
1
σ2H

T (θ)H(θ) (A7)

where H(θ) denotes the gradient matrix. The gradient ma-
trix can be written in terms of partial derivatives:

H(θ) =
[
∂s

∂α

∂s

∂τ

∂s

∂fc

∂s

∂φ

∂s

∂β

]

where s denotes the discrete signal vector obtained by sam-
pling the continuous signal (A1) with a sampling frequency
of fg. The elements of the matrix HT (θ)H(θ) can be writ-
ten as an inner product of partial derivatives:

[HT (θ)H(θ)]ij =
[
∂s

∂θi

]T [
∂s

∂θj

]

where θi denotes the ith parameter in the parameter vec-
tor. The inner products of partial derivatives can be cal-
culated by using their corresponding analytical derivatives
given in (A2)–(A6). Each element can be computed explic-
itly using the following approximation:

[
∂s

∂θi

]T [
∂s

∂θj

]
∼= fs

∞∫
−∞

∂s(t; θ)
∂θi

∂s(t; θ)
∂θj

dt.
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This expression is written based on the fact that the sum
of the discrete samples of a continuous signal in its interval
is equivalent to sampling frequency times its analytical in-
tegration. To simplify mathematical expressions, we define
the following variables:

Aij =

∞∫
−∞

∂s(t; θ)
∂θi

∂s(t; θ)
∂θj

dt.

We note that Aij = Aji. Hence, the following integrals
need to be calculated to compute the Fisher information
matrix:

A11 =β2

∞∫
−∞

(t − τ)4 f2(t; θ) dt

A12 =− 2αβ2

∞∫
−∞

(t − τ)3 f2(t; θ) dt

− 2πfcβ
2

∞∫
−∞

(t − τ)2 f(t; θ)g(t; θ) dt

A13 =2πβ2

∞∫
−∞

(t − τ)3 f(t; θ) g(t; θ) dt

A14 =β2

∞∫
−∞

(t − τ)2 f(t; θ) g(t; θ) dt

A15 =− β

∞∫
−∞

(t − τ)2 f2(t; θ) dt

A22 =(2αβ)2
∞∫

−∞

(t − τ)2 f2 (t; θ) dt+ (2πfcβ)2

·
∞∫

−∞

g2 (t; θ) dt+ 8παfcβ
2

∞∫
−∞

(t − τ)f(t; θ)g(t; θ) dt

A23 =− 4απβ2

∞∫
−∞

(t − τ)2 f(t; θ)g(t; θ) dt

− (2πβ)2 fc

∞∫
−∞

g2(t; θ) dt

A24 =− 2αβ2

∞∫
−∞

(t − τ)f(t; θ)g(t; θ) dt

− 2πfcβ
2

∞∫
−∞

g2 (t; θ) dt

A25 =2αβ

∞∫
−∞

(t − τ)f2(t; θ) dt

+ 2πfcβ

∞∫
−∞

f(t; θ)g(t; θ) dt

A33 =(2πβ)2
∞∫

−∞

(t − τ)2g2(t; θ) dt

A34 =2πβ2

∞∫
−∞

(t − τ)g2(t; θ) dt

A35 =− 2πβ

∞∫
−∞

(t − τ)f(t; θ)g(t; θ) dt

A44 =β2

∞∫
−∞

g2(t; θ) dt

A45 =− β

∞∫
−∞

f(t; θ)g(t; θ) dt

A55 =

∞∫
−∞

f2(t; θ) dt.

These integrals can be simplified using Gaussian echo
properties. It can be shown that the orthogonality prin-
ciple holds for the kernel functions:

∞∫
−∞

f(t; θ)g(t; θ) dt = 0.

This makes A13, A14, A35, A45 = 0. We define the normal-
ized signal energy (6) as

Es=

∞∫
−∞

f2(t; θ) dt=

∞∫
−∞

g2(t; θ) dt=
1
2

√
π

2α


1 + e

−f2
c(

α
/
2π2

).

For the bandpass condition, this energy equation simplifies
to

Es =
1
2

√
π

2α
.

Then, the energy of the model echo, in terms of the nor-
malized energy, can be written as

Es = β2Es.

Using this property, the following elements can be calcu-
lated:

A44 = β2Es and A55 = Es.
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Using even and odd function integration properties, it can
be shown that

∞∫
−∞

(t − τ)3 f2 (t; θ) dt = 0 and

∞∫
−∞

(t − τ)g2(t; θ) dt = 0.

These properties make A12, A23, A25, A34 = 0. The follow-
ing integrals can be calculated in the Fourier domain:

∞∫
−∞

(t − τ)2 f2(t; θ) dt=
Es

4α
and

∞∫
−∞

(t − τ)4 f2(t; θ) dt=
3Es

16α2 .

Utilizing these properties, we can obtain explicit solutions
for the following elements:

A11 = β2 3Es

16α2

A15 = −β
Es

4α

A22 = (2αβ)2
Es

4α
+ (2πfcβ)2 Es

A24 = −2πfcβ
2Es

A33 = (2πβ)2
Es

4α
.

Using all of the calculated elements, HT (θ)H(θ) becomes

HT (θ)H(θ) = fsEs




3
16α2 0 0 0

−1
4αβ

0 α+ (2πfc)2 0 −2πfc 0

0 0
π2

α
0 0

0 −2πfc 0 1 0
−1
4αβ

0 0 0
1
β2



.

Finally, the inverse of this expression can also be carried
out analytically as:

[HT (θ)H(θ)]−1 =
1

fsEs


8α2 0 0 0 2αβ

0
1
α

0
2πfc

α
0

0 0
α

π2 0 0

0
2πfc

α
0

α+ (2πfc)2

α
0

2αβ 0 0 0
3β2

2



. (A8)

Then, the Fisher information matrix (A7) can be written
as

I(θ) =

(
fsEs

σ2

)



3
16α2 0 0 0

−1
4αβ

0 α+ (2πfc)2 0 −2πfc 0

0 0
π2

α
0 0

0 −2πfc 0 1 0
−1
4αβ

0 0 0
1
β2




(A9)

where Es denotes the signal energy, σ2 denotes the noise
variance, and fs denotes the sampling frequency. The ra-

tio, ς =
Es

σ2 , in (A9) is recognized as the SNR, where σ
2 is

defined as the noise energy for WGN. This matrix can be
inverted analytically to obtain the inverse Fisher informa-
tion matrix:

I−1(θ) =
1
fsς


8α2 0 0 0 2αβ

0
1
α

0
2πfc

α
0

0 0
α

π2 0 0

0
2πfc

α
0

α+ (2πfc)2

α
0

2αβ 0 0 0 1.5β2



. (A10)

Hence, in terms of SNR, ς, the terms along the diagonal of
the inverse Fisher information matrix yield the analytical
CRLB on the variances of parameters:

var (α̂) ≥ 8α2

fsς
(A11)

var (τ̂) ≥ 1
fsςα

(A12)

var (f̂c) ≥ α

fsςπ2 (A13)

var (φ̂) ≥ α+ (2πfc)2

fsςα
(A14)

var (β̂) ≥ 3β2

2fsς
. (A15)
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