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Abstract—In ultrasonic imaging systems, the patterns of
detected echoes correspond to the shape, size, and orienta-
tion of the reflectors and the physical properties of the prop-
agation path. However, these echoes often are overlapped
due to closely spaced reflectors and/or microstructure scat-
tering. The decomposition of these echoes is a major and
challenging problem. Therefore, signal modeling and pa-
rameter estimation of the nonstationary ultrasonic echoes
is critical for image analysis, target detection, and object
recognition. In this paper, a successive parameter estima-
tion algorithm based on the chirplet transform is presented.
The chirplet transform is used not only as a means for time-
frequency representation, but also to estimate the echo pa-
rameters, including the amplitude, time-of-arrival, center
frequency, bandwidth, phase, and chirp rate. Furthermore,
noise performance analysis using the Cramer Rao lower
bounds demonstrates that the parameter estimator based
on the chirplet transform is a minimum variance and un-
biased estimator for signal-to-noise ratio (SNR) as low as
2.5 dB. To demonstrate the superior time-frequency and
parameter estimation performance of the chirplet decom-
position, ultrasonic flaw echoes embedded in grain scatter-
ing, and multiple interfering chirplets emitted by a large,
brown bat have been analyzed. It has been shown that
the chirplet signal decomposition algorithm performs ro-
bustly, yields accurate echo estimation, and results in SNR
enhancements. Numerical and analytical results show that
the algorithm is efficient and successful in high-fidelity sig-
nal representation.

I. Introduction

The chirp signal is a type of signal often encountered
in ultrasound, radar, sonar, seismic signals, EEG and

speech [1]–[13]. The chirp signal parameters represent valu-
able information pertaining to the shape, size and orien-
tation of the reflectors in ultrasonic nondestructive evalu-
ation, the location and velocity of the moving targets in
radar-target detection, or the propagation path in seismic
signal analysis. Recently, a modified, continuous wavelet
transform (MCWT) based on the Gabor-Helstorm trans-
formation has been introduced as a means to decompose
ultrasonic echoes in terms of Gabor functions [14], [15].
The MCWT decomposition has not been found effective
in representing ultrasonic echoes with chirp characteristics.
Compared with the Gabor function [14], [15], the Gaussian
chirplet model has one more parameter, the chirp rate, and
thereby can better represent chirp-type signals. In this pa-
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per, we introduce a chirplet decomposition algorithm to
represent chirp-type signals in terms of Gaussian chirplets,
which are sparse and energy preserving. The sparseness
property aims for a compact representation of the com-
plex signal by decomposing it into a limited number of
chirp components. The energy preservation property, by
coherently distributing the signal energy into composing
functions, enables the linear addition of the time-frequency
(TF) distributions of composing functions to represent the
TF of the signal. Hence, a high resolution TF represen-
tation can be achieved by decomposing the signal into a
limited number of chirp functions with known TF distribu-
tions [16]–[18]. Furthermore, once the signal is decomposed
by a family of chirplet echoes, these echoes, individually
or collectively, can be used to describe the nonstationary
behavior of the signal.

The chirplet signal decomposition (CSD) method uses
the chirplet transform (CT) and a successive parameter
estimation algorithm. Based on the CT of the signal, the
algorithm identifies the location and duration of the most
dominant chirp component in TF domain. Then, a succes-
sive parameter estimation algorithm is used to estimate
the parameters of this dominant chirp component. The al-
gorithm can recover the parameters of a noise-free chirp
signal without requiring any initial guess for parameters.
It accounts for a variety of differently shaped echoes, in-
cluding narrow-band, broad-band, symmetric, skewed, dis-
persive, or nondispersive. Furthermore, the algorithm per-
forms robustly in the presence of noise. Noise performance
analysis using Cramer Rao lower bounds (CRLB) demon-
strates that the parameter estimation is minimum variance
and unbiased. The successive parameter estimation algo-
rithm ensures the best representation of a chirp-type signal
in terms of a Gaussian chirplet. Once a Gaussian chirplet
is estimated, it is subtracted from the original signal, and
the remaining signal is recursively decomposed into other
Gaussian chirplets. The CSD algorithm has been tested
on the simulated chirp-type ultrasonic echoes, experimen-
tal ultrasonic target echoes embedded in grain scattering,
and multiple interfering chirplets emitted by a large, brown
bat. In our study, the results demonstrate that the CSD al-
gorithm achieves a high resolution TF representation and
accurate parameter estimations. This type of study ad-
dresses a broad range of applications such as target de-
tection, data compression, deconvolution, object classifi-
cation, velocity measurement, and ranging systems.

In Section II, the chirplet transform and the mathe-
matical description of the successive parameter estimation
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algorithm based on the chirplet transform are discussed.
Section III presents the performance analysis of estimation
with noise using CRLB bounds and Monte-Carlo simula-
tions. Section IV addresses the decomposition of complex
chirp signals in terms of Gaussian chirps using an echo
windowing method for successive parameter estimation. In
Section V, the experimental data, including the ultrasonic
backscattered signal, and bat chirp signal are evaluated
using the CSD method.

II. CSD and Successive Parameter Estimation

Algorithm

The objective of the successive parameter estimation
algorithm is to efficiently estimate the parameters of the
individual chirp echoes. The parameters can be used not
only to reconstruct the original data but also as a quanti-
tative procedure to examine the physical properties of the
objects. In most application cases, a single chirp echo can
be modeled as:

fΘ(t) = β exp
(

− α1(t − τ)2

+ i2πfc(t − τ) + iφ + iα2(t − τ)2
)
, (1)

where Θ = [α1, α2, β, fc, φ, τ ] denotes the parameter vec-
tor, α1 is the bandwidth factor, α2 is the chirp-rate, β is
the amplitude, fc is the center frequency, φ is the phase,
and τ is the time of arrival of the chirp echo. These pa-
rameters can be estimated successively using the CT. The
successive parameter estimation algorithm is a recursive
method that starts with the CT of the signal fΘ(t). The
CT of fΘ(t) with respect to a chirplet kernel Ψ

Θ̂
(t) is a

TF representation and defined as:

CT
(
Θ̂
)

=
∫ +∞

−∞
fΘ(t)Ψ∗

Θ̂
(t)dt, (2)

where Θ̂ =
[
γ1, γ2, η, ω0

2πa , θ, b
]

denotes the parameter
vector, Ψ∗

Θ̂
(t) denotes the conjugate of chirplet kernel

Ψ
Θ̂
(t). The Ψ

Θ̂
(t) is defined as:

ΨΘ̂(t) = η exp
(

− γ1(t − b)2 + iω0

(
t − b

a

)
+ iθ + iγ2(t − b)2

)
. (3)

In order to normalize the energy of the chirplet kernel,

the term η =
(2γ1

π

) 1
4 is used. Hence, the CT of fΘ(t) given

by (1) can be expressed as:

CT
(
Θ̂
)

= β (2πγ1)
1
4

1√
α1 + γ1 − iα2 + iγ2

exp

[
−

(
ωc − ω0

a

)2
4 (α1 + γ1 − iα2 + iγ2)

+ i(φ − θ)

− (α1 − iα2) (γ1 + iγ2) (b − τ)2

α1 + γ1 − iα2 + iγ2

+

(
iω0

a (α1 − iα2) + iωc (γ1 + iγ2)
)
(b − τ)

α1 + γ1 − iα2 + iγ2

]
, (4)

where ωc = 2πfc. The maximum similarity between the
input signal, fΘ(t), and the chirplet kernel, ΨΘ(t), leads
to correct estimation of echo parameters, Θ̂. The peak of
CT (Θ̂) can be used to estimate the center frequency, fc,
and time of arrival, τ . To accomplish this goal, the mag-
nitude of the CT (Θ̂) is used for estimation of the signal
parameters, which is given by:∣∣∣CT

(
Θ̂
)∣∣∣ = β (2πγ1)

1
4

[
(α1 + γ1)

2 + (α2 − γ2)
2
]− 1

4

exp

[
−

(
ωc − ω0

a

)2 (α1 + γ1)
2

4
(
(α1 + γ1)

2 + (α2 − γ2)
2
)

−
(
ωc − ω0

a

)
(α1γ2 + α2γ1) (b − τ)

(α1 + γ1)
2 + (α2 − γ2)

2

−
(
α2

1γ1 + α2
2γ1 + γ2

1α1 + γ2
2α1

)
(b − τ)2

(α1 + γ1)
2 + (α2 − γ2)

2

]
. (5)

The maximum of (5) can be obtained by taking partial
derivatives of

∣∣∣CT
(
Θ̂
)∣∣∣ with respect to a (which corre-

sponds to the center frequency, fc) and b (which corre-
sponds to the time of arrival, τ):

∂
∣∣∣CT

(
Θ̂
)∣∣∣

∂a
=

∣∣∣CT
(
Θ̂
)∣∣∣
⎧⎨⎩−ω0a

−2 (α1γ2 + α2γ1) (b − τ)

2
(
(α1 + γ1)

2 + (α2 − γ2)
2
)

+
ω0
a2

(
ω0
a − ωc

)
(α1 + γ1)

2
(
(α1 + γ1)

2 + (α2 − γ2)
2
)
⎫⎬⎭ = 0, (6)

∂
∣∣∣CT

(
Θ̂
)∣∣∣

∂b
=

∣∣∣CT
(
Θ̂
)∣∣∣
⎧⎨⎩−

(
α2

1γ1 + α2
2γ1 + α1γ

2
1 + α1γ

2
2
)
(b − τ)

2
(
(α1 + γ1)

2 + (α2 − γ2)
2
)

+

(
ω0
a − ωc

)
(α1γ2 + α2γ1)

4
(
(α1 + γ1)

2 + (α2 − γ2)
2
)
⎫⎬⎭ = 0. (7)

The solutions of (6) and (7) lead to an estimation of
center frequency and time of arrival:

b = τ,
ω0

a
= ωc. (8)

In (8) the estimation of the peak position of
∣∣∣CT

(
Θ̂
)∣∣∣

is not a function of the bandwidth factor, γ1, chirp-rate,
γ2, and phase, θ, of the echo. Furthermore, the peak value
of
∣∣∣CT

(
Θ̂
)∣∣∣ is proportional to the amplitude of the actual

echo and leads to the estimation of β.
Based on the above estimations of a and b, the esti-

mation of the chirp-rate, γ2 becomes a one-dimensional
estimation problem. This can be achieved by taking the
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derivative of
∣∣∣CT

(
Θ̂
)∣∣∣ with respect to γ2 and setting it

to 0:

∂
∣∣∣CT

(
Θ̂
)∣∣∣

∂γ2
=
∣∣∣CT

(
Θ̂
)∣∣∣ [ α2 − γ2

2
(
(α1 + γ1)

2 + (α2 − γ2)
2
)

−
α1
(
ωc − ω0

a

)
(b − τ) + 2γ2α1(b − τ)2

(α1 + γ1)
2 + (α2 − γ2)

2

−
(α2 − γ2)

(
ωc − ω0

a

)2 (α1 + γ1)
2

2
(
(α1 + γ1)

2 + (α2 − γ2)
2
)2

−
2 (α2 − γ2)

(
ωc − ω0

a

)
(α1γ2 + α2γ1) (b − τ)(

(α1 + γ1)
2 + (α2 − γ2)

2
)2

−
2 (α2 − γ2)

(
α2

1γ1 + α2
2γ1 + γ2

1α1 + γ2
2α1

)
(b − τ)2(

(α1 + γ1)
2 + (α2 − γ2)

2
)2

]
.
(9)

Hence, the maximum of
∣∣∣CT

(
Θ̂
)∣∣∣ yields the optimal

solution of γ2:

∂
∣∣∣CT

(
Θ̂
)∣∣∣

∂γ2

∣∣∣∣∣∣
b=τ,

ω0
a =ωc

=

2 (α2 − γ2)
(α1 + γ1)

2 + (α2 − γ2)
2

∣∣∣CT
(
Θ̂
)∣∣∣∣∣∣

b=τ,
ω0
a =ωc

= 0. (10)

The solution to (10) is:

γ2 = α2. (11)

Similarly, the estimation of the bandwidth factor, γ1, is
carried out by taking the partial derivative of

∣∣∣CT
(
Θ̂
)∣∣∣

in respect to γ1, and setting it to 0:

∂
∣∣∣CT

(
Θ̂
)∣∣∣

∂γ1
=

∣∣∣CT
(
Θ̂
)∣∣∣ [ (

α2
1 − γ2

1
)

+ (α2 − γ2)
2

4γ1

(
(α1 + γ1)

2 + (α2 − γ2)
2
)

−
(
ωc − ω0

a

)2 (α1 + γ1)

2
(
(α1 + γ1)

2 + (α2 − γ2)
2
)2

−
α2
(
ωc − ω0

a

)
(b − τ) +

(
α2

1 + α2
2
)
(b − τ)2

(α1 + γ1)
2 + (α2 − γ2)

2

−
(
ωc − ω0

a

)2 (α1 + γ1)
3

2
(
(α1 + γ1)

2 + (α2 − γ2)
2
)2

−
2 (α1 + γ1)

(
ωc − ω0

a

)
(α1γ2 + α2γ1) (b − τ)(

(α1 + γ1)
2 + (α2 − γ2)

2
)2

−
2 (α1 + γ1)

(
α2

1γ1 + α2
2γ1 + γ2

1α1 + γ2
2α1

)
(b − τ)2(

(α1 + γ1)
2 + (α2 − γ2)

2
)2

]
.

(12)

Hence:

∂
∣∣∣CT

(
Θ̂
)∣∣∣

∂γ1

∣∣∣∣∣∣ b=τ,
ω0
a =ωc,
γ2=α2

=

(
α2

1 − γ2
1

4γ1 (α1 + γ1)
2

) ∣∣∣CT
(
Θ̂
)∣∣∣∣∣∣ b=τ,

ω0
a =ωc,
γ2=α2

= 0. (13)

The solution to (13) yields:

γ1 = α1. (14)

Because there is no information about signal phase in
the magnitude representation of the CT, the real part of
the CT is used to estimate the phase of the echo, θ.

Re
(
CT

(
Θ̂
))

=
∣∣∣CT

(
Θ̂
)∣∣∣ cos

[(
1
2

tan−1 α2 − γ2

α1 + γ1

)

+ (ϕ − θ) −
(
ωc − ω0

a

)2 (α2 − γ2)

4
(
(α1 + γ1)

2 + (α2 − γ2)
2
)

+
α2
(
γ2
1 + γ2

2
)

−
(
α2

1 + α2
2
)
γ2

(α1 + γ1)
2 + (α2 − γ2)

2 (b − τ)2

+
ωc

(
γ2
1 + γ2

2
)

−
(
α2

1 + α2
2
)

ω0
a

(α1 + γ1)
2 + (α2 − γ2)

2 (b − τ)

+

(
ωc + ω0

a

)
(α1γ1 − α2γ2)

(α1 + γ1)
2 + (α2 − γ2)

2 (b − τ)

]
. (15)

Based on the above estimations of a, b, and γ2, the esti-
mation of phase, θ, becomes a one-dimensional estimation
problem. The maximum of Re

(
CT

(
Θ̂
))

yields the op-
timal solution for θ. This can be obtained by taking the
partial derivative of Re

(
CT

(
Θ̂
))

with respect to θ and
setting it to 0:

∂ Re
(
CT

(
Θ̂
))

∂θ

∣∣∣∣∣∣b=τ,
ω0
a =ωc,

γ2=α2

=

sin(θ − φ)Re
(
CT

(
Θ̂
))∣∣∣b=τ,

ω0
a =ωc,

γ2=α2

= 0. (16)

The solution of (16) yields:

θ = φ ± 2kπ, k = 1, 2, 3, . . . (17)

In summary, the mathematical steps presented above
show that the chirplet transform leads to an exact estima-
tion of the time of arrival, center frequency, phase, band-
width factor, and chirp rate of the chirp-echo signal. The
parameter estimations based on these equations can be im-
plemented successively using signal correlation (2). A grid
search is performed to find the value of the parameter that
maximizes the signal correlation. Furthermore, the estima-
tions of these parameters are refined with a fast Gauss-
Newton algorithm [16]–[18]. The refinement improves the
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TABLE I
Comparison of the CRLB’S with the Variances of Estimators for Different SNR.

α1 α2 τ fc φ
[MHz]2 [MHz]2 [µs] [MHz] [rad] β

Actual Parameter 25 15 1 5 1 1
20.00 dB SNR

Mean 25.0266 15.0080 0.9999 4.9996 0.9959 1.0007
Variance 4.4831e-1 5.6883e-1 4.5664e-6 3.4852e-4 4.5799e-3 1.5671e-4
CRLB 5.0000e-1 5.0000e-1 4.0000e-6 3.4449e-4 4.0978e-3 1.5000e-4

15.00 dB SNR
Mean 24.9987 15.0932 0.9997 4.9998 0.9906 0.9999

Variance 1.5547 1.3617 1.2474e-5 1.2403e-3 1.3101e-2 4.8127e-4
CRLB 1.5811 1.5811 1.2649e-5 1.1000e-3 1.3000e-2 4.7434e-4

10.00 dB SNR
Mean 25.0242 14.8368 0.9997 4.9967 0.9911 1.0011

Variance 4.0620 5.4588 3.5395e-5 3.4286e-3 3.4439e-2 1.4117e-3
CRLB 5.0000 5.0000 4.0000E-5 3.4000e-3 4.1000e-2 1.5000e-3

5.00 dB SNR
Mean 24.7932 15.2223 0.9997 4.9933 0.9905 1.0080

Variance 14.4450 16.9490 1.3875e-4 1.1230e-2 1.4020e-1 3.8953e-3
CRLB 15.8114 15.8114 1.0000e-4 1.0900e-2 1.2960e-1 4.7000e-3

2.50 dB SNR
Mean 24.9589 15.0622 0.9981 4.9912 0.8623 1.0152

Variance 33.4220 33.3590 2.1771e-4 2.0220e-2 6.2925e-1 9.6703e-3
CRLB 28.1171 28.1171 2.0000e-4 1.9400e-2 2.3040e-1 8.4000e-3

parameter estimation beyond the resolution of the search
grid. The successive parameter estimation based on the
CSD method can recover the exact value of the parame-
ters of a noise-free Gaussian chirp echo. It does not require
any initial guess for the parameters before estimation. Fur-
thermore, it also can estimate the parameters of a noise
corrupted echo with high accuracy. In the next section we
analyze the performance of estimation with noise using
CRLB.

III. Performance Analysis Using CRLB

In order to evaluate the performance of estimation in
the presence of noise, we consider a single chirp echo in
white Gaussian noise with varying noise levels, and we
observe the bias and variation in the parameter estimation.
Specifically, we use the following observed chirp model:

r(t; Θ) = s(t; Θ) + n(t), (18)

where s(t; Θ) represents the chirp echo and n(t) represents
the zero-mean white Gaussian noise with variance σ2. The
CRLB for the parameter vector Θ can be analytically com-
puted using:

Var
(
Θ̂
)

≥
[
I−1 (Θ)

]
, (19)

where I(Θ) is the Fisher information matrix (FIM). For
the above observed signal model r(t; Θ) is normally dis-
tributed as N

(
s(t; Θ), σ2I

)
. Hence, the FIM can be writ-

ten as [19]:

I(Θ) =
HT (Θ)H(Θ)

σ2 , (20)

where H(Θ) represents the gradients of the chirp echo
model. The analytical derivation of the gradients, FIM
and the CRLB, are given in the Appendix, which yields
the variance bounds of the estimated chirplet parameters
under noise are:

Var (α̂1) ≥ 8α2
1

fsζ
,

Var (α̂2) ≥ 8α2
1

fsζ
,

Var (τ̂) ≥ 1
α1fsζ

,

Var
(
f̂c

)
≥ α2

1 + α2
2

π2α1fsζ
,

Var
(
φ̂
)

≥
3
2 + (2πfc)2

α1

fsζ
,

Var
(
β̂
)

≥ 3β2

2fsζ
,

(21)

where fs denotes sampling rate and ζ denotes SNR.
To evaluate the performance of estimation, a Monte-

Carlo simulation is performed to observe the means and
variances of the estimated parameters of a single noisy
echo given in (18). The chirp echo is simulated according
to (1) with the parameter vector listed in the first row of
Table I. The sampling frequency is 100 MHz. The noise
level is adjusted to simulate echoes with SNR levels of 20,
15, 10, 5, and 2.5 dB. For each SNR level, the parameter
estimation is performed 250 times on the simulated chirp
echo with different realizations of noise. The average value
and the variance of parameter estimators are listed in Ta-
ble I along with the analytically computed CRLB’s using
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Fig. 1. Input SNR versus output SNR for a single noisy chirp echo.

(21). One can observe that the parameter estimation is
unbiased, i.e., the mean value of the estimated parameters
achieves the actual parameter values used in simulation,
and the variance of estimators attains the CRLB bounds
for SNR as low as 2.5 dB. Therefore, the successive param-
eter estimation based on the CSD method is a minimum
variance unbiased (MVU) estimator for a single chirp echo
and, hence, provides optimal parameter estimation results.

The parameter estimation algorithm significantly im-
proves the SNR of chirp signals. To quantify the SNR im-
provement, a chirp echo with varying noise level is simu-
lated. After estimation is performed, the output SNR (i.e.,
an estimated SNR) is computed as the energy ratio of the
original signal and residual error, i.e., the difference be-
tween the original and the estimated signal. Fig. 1 shows
the output SNR as a function of the input SNR. Each point
in this plot represents a realization of the signal with a dif-
ferent noise level. The parameters of the single echo have
not been changed. The input SNR has been varied from
2.5 dB (severely poor SNR) to 25 dB (high SNR). It has
been observed that the average SNR enhancement for the
single echo in white Gaussian noise is well above 20 dB. It
is important to point out that one should expect a smaller
SNR enhancement when the signal contains overlapping
chirp echoes and is corrupted by correlated noise.

IV. Chirplet Signal Decomposition

We use the successive parameter estimation technique
to decompose a complex signal into a small number of
Gaussian chirplets. The complex signal will be represented
by the linear addition of a number of chirplets:

s(t) =
N−1∑
j=0

fΘj(t), (22)

where fΘj (t) is the chirplet model and Θj is the parameter
vector of fΘj(t), see (1).

The goal of signal decomposition is to express the sig-
nal s(t) as a linear combination of chirp components. The

Fig. 2. The flowchart of the CSD algorithm.

decomposition is performed as follows. First, based on the
CT of the signal (i.e., TF representation), the most domi-
nant chirp echo is windowed and estimated using the suc-
cessive parameter estimation algorithm presented in Sec-
tion II. Second, the estimated echo is subtracted from the
original signal. Third, the second echo is estimated from
the remaining signal. This process is repeated until the re-
construction error, Er, is below an acceptable value Emin.
The value of Emin is determined based on the require-
ments of the reconstruction quality of the signal. This it-
erative decomposition method ensures energy preservation
by coherently distributing the signal energy into compos-
ing functions. Energy preservation allows us to add the TF
distribution of composing functions fΘj (t) to estimate the
TF distribution of the signal s(t). Meanwhile, the sparse-
ness of decomposition is ensured by searching for the most
dominant chirp echo per iteration. A block diagram sum-
marizing the CSD algorithm is shown in Fig. 2.

The procedure used to design the window is based on
the determination of the peaks and valleys of the CT of the
signal. Fig. 3 illustrates the windowing method with sim-
ulated data containing three interfering echoes. First, the
maximum peak of the CT of the signal [Fig. 3(a)] is identi-
fied. Second, the CT of the signal is projected onto the time
domain [Fig. 3(c)] and frequency domain [Fig. 3(b)]. The
windowing algorithm uses these projections to isolate the
dominant echo by tracing the nearest valleys around the
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Fig. 3. Basic illustration of dominant echo windowing method: (a) CT of three interfering chirp echoes. The most dominant echo is
emphasized after time and frequency windowing. (b) Projection in frequency domain and the frequency-window boundary points (dashed
lines). (c) Projection in time domain and the time-window boundary points (dashed lines).

peak. The closest two valleys confining the time-projection
peak are defined as the boundaries of the time-window [i.e.,
Tbegin and Tend in Fig. 3(c)]. Similarly, the closest two val-
leys confining the frequency projection peak are defined as
the boundaries of the frequency window [i.e., Fbegin and
Fend in Fig. 3(b)]. The time of arrival τ and center fre-
quency fc parameters are in fact the peak locations of the
projections (8). The dominant signal along with the time
window and frequency window is used to estimate the re-
maining chirplet parameters (i.e., amplitude β, bandwidth
γ1, chirp rate γ2, and phase θ) using signal correlation (see
Section II).

When there are heavily overlapping echoes and high
noise levels, the performance of the automatic windowing
method may be compromised as the peak separation pro-
cess becomes more difficult. The distance between peaks
becomes shorter, and artificial valley points may be cre-
ated due to the noise. In these cases, a time window and
frequency window with predetermined size can be used
to separate out the time and frequency projection peaks.
The windows are centered at the peaks. The sizes of the
windows can be determined by inspecting the CT of the
measured signal for given noise levels. A good window size
selection strategy is to keep as much of the signal energy
as possible while suppressing the contribution of noise en-
ergy in the window. For the simulated and experimental
signals presented in this study, the automatic windowing
method performed adequately in extracting the individual
echoes. However, one can apply the predetermined win-
dowing method for signals with very poor SNRs (2 dB
and below).

Fig. 4. Simulated ultrasonic highly overlapping chirplets (solid line),
superimposed with the reconstructed signals by the CSD method
and Gabor decomposition method.

The CSD algorithm is very effective in representing dis-
persive ultrasonic echoes. An alternative decomposition
algorithm [14] uses a Gabor kernel to analyze ultrasonic
echoes. However, if the ultrasonic signal has a dispersive
or frequency shift property, Gabor decomposition requires
many components. The chirplet model is expected to have
better decomposition efficiency with extra parameter di-
versity. To demonstrate chirplet decomposition efficiency,
a noisy chirp signal containing highly overlapping echoes
is simulated, then the algorithm presented in [14] and the
CSD algorithm are both applied to reconstruct the signal.
Fig. 4 shows the noisy chirp signal and the two reconstruc-
tion results from these two different decomposition strate-
gies, under the same output SNR criteria. More specifi-
cally, the parameters of the decomposed echoes are listed
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TABLE II
Parameters of Decomposed Echoes (Gabor Decomposition

Method [14]).

Echo α1 τ fc φ
no. [MHz]2 [µs] [MHz] [rad] β

1 19.70 1.91 4.86 3.91 1.01
2 16.18 2.54 6.92 9.09 0.97
3 27.00 3.02 4.65 0.73 0.88
4 7.13 1.10 4.06 2.69 0.65
5 41.11 2.69 3.95 5.67 0.39
6 3.44 1.97 7.31 −2.57 0.34
7 65.66 3.31 5.73 4.47 0.27
8 36.10 1.58 3.66 −2.85 0.26
9 4.22 0.86 2.68 −3.10 0.23

10 1.84 1.82 5.87 6.63 0.18
11 10.08 2.72 8.82 −1.84 0.11

TABLE III
Parameters of Decomposed Echoes (CSD Method).

Echo α1 α2 τ fc φ
no. [MHz]2 [MHz]2 [µs] [MHz] [rad] β

1 16.86 7.53 2.54 6.86 8.88 0.99
2 13.13 16.71 1.97 5.04 5.24 0.96
3 11.73 16.82 3.00 4.51 0.02 0.78
4 4.36 8.44 1.09 3.95 2.07 0.64
5 6.28 4.32 1.67 6.89 1.95 0.34

in Table II and Table III. It can be seen that, the chirplet
decomposition algorithm requires a significantly less num-
ber of components than Gabor decomposition [14]. The
compact representation achieved by the chirplet decompo-
sition is more powerful in revealing the physical properties
of chirp-type signals (e.g., the Doppler shift in a radar sys-
tem, the dispersive echoes in an ultrasonic nondestructive
testing system).

V. Chirplet Decomposition of Experimental

Data

The CSD algorithm is evaluated using an ultrasonic ex-
perimental signal consisting of many interfering echoes.
Fig. 5 shows an experimental signal acquired from a steel
block with a flat-bottom hole (i.e., target) using a 5 MHz
transducer and sampling rate of 100 MHz. The experimen-
tal signal has poor SNR, and the target echo shows inter-
ference from microstructure scattering and measurement
noise. The reconstructed signal and its CT representation
are shown in Fig. 6(c) and (d). The comparison between
the experimental signal and the reconstructed signal (see
Figs. 5 and 6) clearly demonstrates that the chirplet sig-
nal decomposition has been successful in estimating echoes
and filtering out the noise.

Furthermore, the CSD algorithm is applied to a bat
chirp signal emitted by the large, brown bat [20], which is

Fig. 5. Measured ultrasonic backscattered signal superimposed with
reconstructed signal.

digitized within 2.2 ms duration with a 7 µs sampling pe-
riod. It can be seen that, from Fig. 7 and Fig. 8(a) and (b),
the bat signal is a complex chirp with poor SNR and con-
tains heavily overlapping, chirp components not only in the
time domain but also in the frequency domain. Fig. 8(c)
and (d) show the reconstructed signal and its CT using 15
individual chirplet echoes.

VI. Conclusions

In this study, we analyzed a CSD modeling and succes-
sive parameter estimation algorithm to decompose ultra-
sonic signals with multiple interfering echoes into Gaus-
sian chirplets. A successive parameter estimation algo-
rithm based on CT and an automatic echo windowing
method have been developed to estimate the time of ar-
rival, the center frequency, the phase, the bandwidth, the
chirp rate, and the amplitude of chirp echoes. Monte-Carlo
simulation results demonstrate that the successive param-
eter estimation is unbiased and exhibit minimum variance,
i.e., the variances in the parameter estimators attain the
CRLB. The CSD is sparse and energy preserving; hence, it
provides a high resolution and compact TF representation
of the signal. It has been shown through computer simula-
tion and analysis of experimental data that the chirplet de-
composition algorithm can efficiently decompose the chirp-
type signals into Gaussian chirplets. The signal modeling
and parameter estimation algorithm presented in this pa-
per not only offers a signal decomposition method, but
also provides parameters that can be used for data com-
pression, pattern recognition, signal deconvolution, target
detection, object sizing, and material characterization.

Appendix A

Analytical Derivations of CRLB Bounds

The Gaussian chirplet echo is defined by the following
model:

s(t; Θ) = βe−α1(t−τ)2 cos
[
α2(t − τ)2 + 2πfc(t − τ) + φ

]
,

(A1)
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Fig. 6. (a) Ultrasonic backscattered signal. (b) CT of ultrasonic backscattering signal in (a). (c) Reconstructed signal. (d) CT of the
reconstructed signal in (c).

where Θ = [α1 α2 τ fc φ β] denotes the parameter vector.
To simplify analytical derivations, consider the following
kernel functions:

f(t; Θ) = e−α1(t−τ)2 cos
[
α2(t − τ)2 + 2πfc(t − τ) + φ

]
,

g(t; Θ) = e−α1(t−τ)2 sin
[
α2(t − τ)2 + 2πfc(t − τ) + φ

]
.

(A2)

The partial derivatives of the chirplet with respect to
parameters can be written in terms of the kernel functions:

∂s(t; Θ)
∂α1

= −β(t − τ)2f(t; Θ),

∂s(t; Θ)
∂α2

= −β(t − τ)2g(t; Θ),

∂s(t; Θ)
∂τ

=2α1β(t−τ)f(t; Θ)+βg(t; Θ) [2πfc +2α2(t−τ)] ,

∂s(t; Θ)
∂fc

= −2πβ(t − τ)g(t; Θ),

∂s(t; Θ)
∂φ

= −βg(t; Θ),

∂s(t; Θ)
∂β

= f(t; Θ).

(A3)

The FIM for a parametric signal in zero-mean white Gaus-
sian noise (WGN) is defined as [19]:

I(Θ) =
HT (Θ)H(Θ)

σ2 , (A4)

where σ2 denotes the noise variance (i.e., noise energy) and
H(Θ) denotes the gradient matrix. H(Θ) can be written
in terms of the partial derivatives (A3):

H(Θ) =
[

∂s
∂α1

∂s
∂α2

∂s
∂τ

∂s
∂fc

∂s
∂φ

∂s
∂β

]
, (A5)

where s denotes the discrete signal obtained by sampling
s(t; Θ) with sampling frequency fs. Each element of the
matrix HT (Θ)H(Θ) can be computed explicitly using the
following approximation (see Appendix of [16]):

[
HT (Θ)H(Θ)

]
ij

=
[

∂s

∂Θi

]T [
∂s

∂Θj

]
∼= fs

∞∫
−∞

∂s(t; Θ)
∂Θi

· ∂s(t; Θ)
∂Θj

dt, (A6)

where Θi denotes the i-th parameter in the parameter vec-
tor and 1 ≤ i ≤ 6, 1 ≤ j ≤ 6.

To simplify mathematical expressions, we define the fol-
lowing variables:

Aij =

∞∫
−∞

∂s(t; Θ)
∂Θi

· ∂s(t; Θ)
∂Θj

dt, (A7)

E =
π

1
2

2
3
2 α

1
2
1

, (A8)

Fijk =

∞∫
−∞

(t − τ)if j(t; Θ)gk(t; Θ)dt. (A9)
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Hence, the computation of HT (Θ)H(Θ) reduces to the
computation of the following expressions:

A11 = β2F420,

A12 = β2F411,

A13 = −2α1β
2F320 − 2πfcβ

2F211 − 2α2β
2F311,

A14 = 2πβ2F311,

A15 = β2F211,

A16 = −βF220,

A22 = β2F402,

A23 = −2α1β
2F311 − 2πfcβ

2F202 − 2α2β
2F302,

A24 = 2πβ2F302,

A25 = β2F202, (A10)
A26 = −βF211,

A33 = (2α1β)2 F220 + (2πfc)
2
β2F020 + 4πfcα2β

2F102

+ (2α2β)2 F202 + 8πfcα1β
2F111 + 8α1α2β

2F211,

A34 = −4πα1β
2F211 − 4π2fcβ

2F102 − 4πα2β
2F202,

A35 = −2α1β
2F111 − 2πfcβ

2F002 − 2α2β
2F102,

A36 = 2α1βF120 + 2πfcβF011 + 2α2βF111,

A44 = (2πβ)2 F202,

A45 = 2πβ2F102,

A46 = −2πβF111,

A55 = β2F002,

A56 = −βF011,

A66 = F020.

All Fijk (0 ≤ i ≤ 4, 0 ≤ j ≤ 2, 0 ≤ k ≤ 2) can be
computed in Fourier domain. Hence, the following results
for Fijk can be obtained:

F120 = F102 = F320 = F302 = 0,

F111 = F211 = F311 = F411 = 0,

F020 = F002 = E,

F220 = F202 =
1

8α1

√
π

2α1
=

1
4α1

E,

F420 = F402 =
3

32α2
1

√
π

2α1
=

3
16α2

1
E.

(A11)

Using all of the above expressions, the FIM can be com-
puted as:

I(Θ) =
HT (t; Θ)H(t; Θ)

σ2 =
β2fsE

σ2

×

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

3
16α2

1
0 0 0 0 − 1

4α1β

0 3
16α2

1

−2πfc

4α1
0 1

4α1
0

0 −2πfc

4α1

α2
1+α2

2
α1

+ (2πfc)
2 −πα2

α1
−2πfc 0

0 0 −πα2
α1

π2

α1
0 0

0 1
4α1

−2πfc 0 1 0
− 1

4α1β 0 0 0 0 1
β2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

(A12)

Fig. 7. Experimental bat chirp signal superimposed with the recon-
structed signal.

The above matrix can be inverted analytically to obtain
the inverse FIM:

I−1(Θ) =

1
fsζ

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

8α2
1 0 0 0 0 2α1β

0 8α2
1 0 0 −2α1 0

0 0 1
α1

α2
α1π

2πfc

α1
0

0 0 α2
α1π

α1
π2 + α2

2
π2α1

2πfcα2
πα1

0

0 −2α1
2πfc

α1

2πfcα2
α1π

3
2 + (2πfc)2

α1
0

2α1β 0 0 0 0 3β2

2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

(A13)

where ζ denotes the SNR, i.e., ζ = (β2E/σ2). The terms
along the diagonal of the inverse FIM, I−1(Θ), yield the
CRLB on the variances of chirp model parameters:

Var (α̂1) ≥ 8α2
1

fsζ
,

Var (α̂2) ≥ 8α2
1

fsζ
,

Var (τ̂) ≥ 1
α1fsζ

,

Var
(
f̂c

)
≥ α2

1 + α2
2

π2α1fsζ
,

Var
(
φ̂
)

≥
3
2 + (2πfc)2

α1

fsζ
,

Var
(
β̂
)

≥ 3β2

2fsζ
.

(A14)
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Fig. 8. (a) Experimental bat chirp signals. (b) CT of bat chirp signal in (a). (c) Reconstructed bat chirp signal. (d) CT of the reconstructed
signal in (c).
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