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Abstract—Estimating the parameters of chirp signals is essential 
in several important applications such as radar, sonar and 
ultrasonic imaging. Chirp pulses characterize dispersive media, 
and they are also very effective for pulse compression and 
improved echo detection. Furthermore, in Doppler ultrasound 
velocimetry, frequency-change associated with moving object 
can be characterized by chirp rate estimation. Time-Frequency 
Distributions (TFDs) of signals with chirplet components result 
in elliptical contours. In this study, a chirplet parameter 
estimator by means of ellipse fitting in time-frequency plane is 
developed. This estimator performs robustly in presence of the 
noise and offer much lower computation complexity compared 
to conventional methods. 

I. INTRODUCTION 
Chirplets are Gaussian-envelope functions with second 

order polynomial phase that are encountered in many 
applications such as radar [1], sonar, nondestructive 
evaluations [2] and medical applications [3-4].  Estimated 
chirp-signal parameters can be used for feature extraction, 
studying physical properties of the objects and system 
identification. Chirplet parameter estimation can be achieved 
via Matching Pursuit (MP) methods to choose parameters 
from a dictionary of functions in which the parameters are 
discretized [5-6].  In addition, MP method can be modified for 
chirped Gabor functions by applying fractional Fourier 
transform (FRFT) resulting in a rotation of Wigner 
distribution [7]. Maximum Likelihood Estimation (MLE) can 
be used as an alternative method for parameter estimation. [8-
9]. Moreover, chirp echo parameters can be estimated based 
on the Time-Frequency Representation (TFR) of the signal in 
a successive manner [10]. In many studies, the focus has been 
on signal decomposition. On the other hand, lowering the 
computational complexity for single-component chirp 
parameter estimation can be found in the literature as well [1-
11]. Mann and Haykin [12] have used frequency shearing as 
an illustration for chirp component rotation in TF plane. 
Bultan [7] employed FRFT operator for representing chirp 
atoms rotation. Modification of a mother chirplet as a result of 
chirping in time has been depicted pictorially in [13]. 

Although quadratic TFRs like Wigner-Ville distribution 
offer appropriate spectral and temporal resolution, they suffer 

from cross-terms. On the other hand, cross-terms can be 
avoided by using linear TFRs like Short Time Fourier 
Transform (STFT) at the cost of degrading TF resolution. 
Needless to say that maximum likelihood estimator requires 
excessive computations. 

In case of using chirplet excitation in NDE and flow 
measurement applications, the reflected echo will also be a 
transformed chirplet governed by the dispersive property of 
materials or the velocity of scatterers within the propagation 
path. The Wigner-Ville Distribution (WVD) of a chirplet 
signal will be in the form of concentric ellipses in the Time-
Frequency (TF) plane. In this study, we utilize Time 
Frequency Distribution (TFD) and ellipse fitting approach to 
estimate chirplet signal parameters. Furthermore, to reduce the 
effect of noise in measurement and to improve estimation 
accuracy, we use 2D Gaussian smoothing filter prior to ellipse 
fitting. The parameters of individual chirplet echoes are 
obtained by inspecting the TFDs of signal in two major steps. 
In the first step, two main parameters, i.e. center frequency 
and time of arrival are estimated by means of short time 
Fourier transform. In the second step, after applying Gaussian 
filtering, ellipses are fitted to the TF atoms in the Wigner-Ville 
distribution TF plane in order to estimate chirp rate, 
bandwidth factor and amplitude. 

II. CHIRP SIGNAL REPRESENTATION IN TIME DOMAIN AND 
TIME-FREQUENCY PLANE  

The model for a single chirp echo is: 
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      (1) 

where ],,,,[ 21 τβαα cf=Θ  is the index of the chirp echo, τ  is 
the time of arrival, cf  is the center frequency, 1α  is the 
bandwidth factor, 

2α  is the chirp-rate and β is the amplitude. 

Elliptical shape can be traced in the contour levels in the 
TF plane even in the presence of noise. Since we employ an 
ellipse fitting method to estimate chirp rate, bandwidth factor 
and amplitude, STFT no longer guarantees an appropriate TF 
resolution. To solve this problem, WVD is used. 
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In order to have a normalized signal that has unit energy, 
the term 4

1 /2 πα  is used as amplitude. Considering a 
Gaussian chirplet: 
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  (2) 

The Wigner-Ville distribution of the chirplet is [18-19]: 
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  (3) 

The WVD of that chirplet signal is in the form of 
concentric ellipses that their slope, center, major and minor 
axis correspond to the parameters Θ  (see Figure 1). 
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Figure 1. Elliptical shape in WVD of a chirplet signal 

 

The goal is obtaining chirp rate, bandwidth factor and 
amplitude based on the elements of the ellipses that can be 
seen in the TF plane (see Figure 1). Slope of major axis of the 
ellipse represents the chirp rate i.e. 22)tan( αθ = . For the 
ease of obtaining bandwidth factor and amplitude, consider 
that the elliptical contour corresponds to the level of 2−e , 
cf =0 and 0=τ , where the center of the ellipse coincides with 

the TF coordinate origin (see Figure 2). 
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Figure 2. WVD of a chirplet signal concentric with TF coordinate origin  

 

Based on the WVD distribution in equation 3, the position 
of two points on the ellipse (i.e. A and B in Figure 2) are 
A )/2,2/1( 211 ααα  and B )2,0( 1α . 

By obtaining hypotenuse in two right triangles marked in 
gray shade in Figure 2: 

Long_Axis/2= ))(2/(1 1 θα Cos                                         (4) 
Short_Axis/2= ))(2 1 θα Cos                                             (5) 

Therefore: 
))(cos_/(_ 2

1 θα ⋅= AxisLongAxisShort                              (6) 

It should be noted that the value for 1α is independent of 
the elliptic contour’s level. 

For obtaining amplitude, consider 
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For the elliptical contour that corresponds to the level  : 
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Therefore: 
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III. THE PARAMETER ESTIMATION PROCEDURE  
In the following, the steps of proposed method for 

estimating the chirplet parameters are described. First, the 
STFT of the signal is evaluated. Since STFT is not prone to 
cross-terms, for a sparse signal, maxima points in the 
spectrogram of the signal indicate the number of chirplet 
components. Also two main parameters i.e. τ and cf  for each 
component are obtained from maxima locations in the TF 
plane of the signal. In spite of the fact that choosing window 
size in STFT determines how one can select between an 
acceptable frequency resolution and time resolution, obtaining 
the maxima locations in STFT plane does not rely on window 
size. 

WVD of the signal is evaluated as the second step. 
Existence of cross-terms adds some ambiguity for obtaining 
the proper contour lines. One can overcome this ambiguity by 
considering just the contour lines encircling the maxima points 
found in the previous step. Considering concentric contour 
line corresponds to each maxima, the farther from the centers, 
more prone to the noise. For the SNRs 1 dB and more, the 
contour levels down to 80% of their peak value or more offer 
satisfactory estimation results. 

Noise has the effect of deformation on the elliptic contour 
lines in TF plane. A two dimensional Gaussian smoothing 
approach is used to lessen contour noise. The approach proves 
to be effective to reduce the noise (see Figures 3c and 3d). To 
avoid excessive computation, filtering is performed for the 
area containing deformed contour lines. 

Among existing conics fitting approaches, direct least 
squares ellipse-fitting method satisfies our objective of 
chirplet parameters estimation [14]. Since the contour lines 
corresponding to the chirplet components in TF plane are in 
elliptical shape, the proposed elliptic-specific approach shows 
satisfactory performance. A general conic curve is generally 
represented by: 
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Fig. 3. (a) chirplet signal  (b) Noisy echo (c) Results of ellipse fitting 

before Gaussian filtering (d) after Gaussian filtering. Red ellipses shows the 
undeformed contours not suffering from noise, green curve in (c) shows the 
deformed contours suffering from noise and in (d) shows the contour after 
smoothing. Blue ellipses are the results of ellipse fitting in two cases. 

 

0.),(F 22 =+++++== feydxcybxyaxzz γγ              (11) 

Where Tfedcba ][=γ  and Tyxyxyx ]1[ 22=z . ),(F zγ  
is considered as algebraic distance of a point ),( ii yx  to the 
curve 0),(F =zγ . Best fitting to the N data points is achieved 
by minimizing the sum of squared algebraic distance: 

∑
=

N

i 1

2],F([ z)γ                                                                    (12) 

Where γ  is constrained to avoid the trivial solution 0=γ . 
The constraint applied [14] in (12) is 14 2 =− bac  which can 
be expressed in the form 1=γγ CT where C is: 
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The minimization can be solved by considering eigenvalue 
system [15]: 

0=− γλC)D(DT                                                            (14) 
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After obtaining the eigenvalues λ s by solving, 
0)det( =C-DD λT  we can readily calculate the parameter 

vector γ  using equation 14 [16].  

The proposed fitting ellipse method is computationally 
efficient compared to the other iterative and general conic 
fitting methods [17]. The algorithm also shows robustness to 
the noise. The effect of noise can be reduced further by 
obtaining the mean of chirplet parameters by using ellipse 
fitting for multiple contour levels. 

IV. PARAMETER ESTIMATION RESULTS  
To demonstrate the proposed estimation approach, means 

and variances of the estimated parameters of a simulated 
chirplet echo signal given in equation 1 are examined. The 
sampling frequency is 100 MHz. The chirplet echo is 
perturbed with noise level with SNRs of 20, 10, 5 and 2.5 dB. 
The detection process is performed 50 times for the same 
chirplet echo for each level of SNR but with different noise 
pattern. Both average and variance of estimated parameters 
are presented in Table I. This table confirms that ellipse fitting 
method offers robust performance in terms of low variance for 
estimated parameters in presence of noise.  

V. CONCLUSION   
Using different TF transformations combined with MLE 

algorithms are common in chirplet parameter estimation and 
signal decomposition. These methods are computationally 
heavy, and consequently lowering the computational 
complexity for single component chirplet estimation is 
advantageous for ultrasonic signal analysis. In this study, we 
developed an efficient method by ellipse fitting to the chirplet 
components in the TF plane for real-time ultrasonic testing. 
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TABLE I 

Chirplet echo parameter estimation results with SNRs of 20, 15, 10, 5 and 2.5 dB 

 1α  
2[MHz]  

2α  
2[MHz]  

τ  
][ sµ  

cf  
MHz][  Amp. 

Parameter 25 15 1.84 5 1 
      

SNR= 20 dB      
Mean 25.5435 14.8772 1.8406 5.0781 0.9758 

Variance 0.2040  0.2156 9.8367e-6 0.0002   4.7058e-5 
      

SNR= 10 dB      
Mean  25.7881 14.6654 1.8400 5.0547 0.9744 

Variance 2.0251 2.1047 2.0000e-4 0.0212 3.6207e-4 
      

SNR= 5 dB      
Mean 25.5496  15.0627 1.8386 5.0547 0.9826 

Variance 6.1908  7.2340 5.4290e-4 0.0711 0.0017 
      

SNR= 2.5dB      
Mean 26.6570  14.7712 1.8438 5.0938 0.9820 

Variance 10.4263 11.3877 9.0567e-4 0.1807 0.0020 
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