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Abstract- Parametric modeling and estimation of ultrasonic 
backscattered echoes become a frequently used approach in NDE 
signal processing.   Compared to classical transform based signal 
processing methods, the parametric echo representation 
approach offers significant advantages such as high-resolution 
estimation of test parameters (e.g., time-of-arrival, center 
frequency, and amplitude), the ability to resolve closely spaced 
overlapping echoes, and robustness with noise.  In this context, 
parametric models such as Gaussian echo (Gabor function) and 
Gaussian Chirplet have been used to represent discrete echoes.   
Furthermore, their composite models have been used to analyze 
complex ultrasonic measurements such as overlapping echoes 
from thin layers, backscattered echoes from microstructure of 
materials, etc.  One of the main shortcomings of these models is 
that their symmetric envelope does not properly represent 
ultrasonic echo envelopes.  A more generic model accounting for 
this asymmetry will improve ultrasonic echo parameter 
estimation, (e.g., time-of-arrival, center frequency, bandwidth, 
chirp rate, etc.), as well as improve sparse decomposition of 
complex ultrasonic signals. In this study, we introduce the 
asymmetric Gaussian Chirplet (AGC) model that generalizes the 
existing parametric echo models.  We developed a fast supervised 
Gauss-Newton algorithm to estimate model parameters subject to 
constraints defined by a priori knowledge.  Supervision ensures 
convergence to the optimal solution given a reasonable initial 
guess.  This echo model nicely fits echoes acquired from planar 
surface and geometric reflectors.  Finally, this model is used to 
estimate microstructure grain echoes from a steel block and 
reverberation echoes from a multi-layered material.  Estimation 
results confirm the advantage of this model compared to the 
existing models. 

I. INTRODUCTION 
Parametric modeling and estimation of ultrasonic 

backscattered echoes have been introduced in [1, 2] and 
become a frequently used approach in NDE signal processing.   
Compared to classical transform based ultrasonic signal 
processing methods, the parametric echo representation 
approach offers significant advantages such as high-resolution 
estimation of test parameters (e.g., time-of-arrival, center 
frequency, and amplitude), the ability to resolve closely spaced 
overlapping echoes, and robustness with noise.  Parametric 
modeling concept has been widely accepted in ultrasonic NDE 
studies, for example, ultrasonic data compression [3], Chirplet 
signal decomposition [4], sizing of cracks in thin sections [5], 
the assessment of the bone structural parameters [6], and 
structural health monitoring of materials [7].  Most of these 
studies utilized the Gaussian echo model (i.e., real Gabor 
function) to represent backscattered echoes.  Gaussian echo 
model is essentially a Gaussian modulated sinusoid with five 
parameters (time-of-arrival, center frequency, bandwidth, 
phase, and amplitude) and provides a good approximation to a 
backscattered echo from a point or surface reflector.  This 
approximation is not always adequate especially for cases in 

which accurate estimation of the pulse shape is critical as in 
ultrasonic deconvolution [2].   For example, in thickness sizing 
of thin layers, the received echoes are often overlapping and 
resolution of these echoes relies on accurate estimation of the 
pulse-echo wavelet.  To represent complex shape echoes, the 
composite Gaussian echoes model has been introduced [2].  
The composite echoes model involves estimating the 
transducer pulse in terms of a number of overlapping Gaussian 
echoes.  Therefore, the composite model parameters do not 
have a direct interpretation for echo signal parameters.   

Despite the shortcomings of Gaussian echo model in 
representing discrete echoes, it has been extensively used in 
sparse signal decomposition algorithms [3, 4, 8].  In fact, long 
before it is used as a parametric model in ultrasonic signal 
processing it had been used as an elementary signal to generate 
Gabor dictionary functions in Mallat’s generic sparse signal 
decomposition method, i.e., the well-known Matching Pursuit 
(MP) algorithm [9].  The Gabor dictionary has been frequently 
used for ultrasonic signal decomposition because Gabor 
functions highly correlate with ultrasound echoes.   Later, the 
model-based MP method [8] is introduced to allow more 
flexibility in sparse decomposition by optimizing the 
parameters of the Gaussian echo model to match ultrasound 
echo structures.  In short, this model has proved to be useful in 
sparse decomposition of ultrasonic echoes.  However, the 
decomposed echo components do not necessarily represent the 
real echo structures. 

Later, in sparse signal decomposition studies, Gaussian 
echo model has been generalized to the Gaussian Chirplet with 
the addition of an extra chirp parameter in the sinusoid to allow 
a linear drift in frequency.  This type of model has been used in 
[4] and in [10] for a generic decomposition of an acoustic 
signal in terms of Gaussian Chirplets.  Although this model is 
better than the Gaussian echo model in representing dispersive 
echoes, the envelope of this model is still a Gaussian shape and 
symmetric with respect to its peak location.  The Gaussian 
envelope models are insufficient to represent echoes with a 
non-symmetric shape. 

In this study we introduce a new parametric echo model 
that has an asymmetric and smooth envelope.  This echo model 
is inspired from the electro-acoustic properties of the 
piezoelectric ultrasonic transducer.  The envelope of the echo 
rapidly rises until the peak and slowly decays afterwards.  To 
represent such an envelope, a smooth approximation of the 
asymmetric Gaussian function is utilized. This model is a 
generalization of the existing Gaussian echo and Gaussian 
chirplet models. 

The rest of the paper is organized as follows.  The next 
section introduces the new Asymmetric Gaussian Chirplet 
(AGC) model and echo parameters related to NDE testing.  
Section III presents an optimization algorithm to estimate the 
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parameters of this model in the presence of measurement noise.   
This section also presents parameter estimation of echoes 
obtained from several different transducers and measurement 
conditions.  Section IV discusses the application of this model 
to a sparse signal decomposition algorithm to represent 
complex ultrasonic measurements such as microstructure grain 
echoes from a steel block and reverberation echoes from a 
multi-layered material. 

II. ASYMMETRIC GAUSSIAN CHIRPLET MODEL 
We represent a discrete ultrasonic echo (e.g., a 

backscattering echo from a planar surface reflector, or a point 
reflector) in terms of an envelope and a chirp sinusoidal 
component: 

})()(2cos{)()( 2 φτψτπτβ +−+−−= ttftenvts c     (1) 

where β is the amplitude, τ is the arrival time, cf  is the 
center frequency, ψ is the linear chirp rate, and φ  is the phase 
of the model echo. The envelope of the echo )(tenv  is 
represented by the following asymmetric Gaussian function:  
 )))tanh(1(exp()( 2tmtrtenv −−= α  (2) 
where α is the decay rate (bandwidth factor), and r is a 
coefficient controlling the degree of envelope asymmetry, and 

)tanh( mt is hyperbolic tangent function of order m where m 
is a positive integer, e.g., 16.  This function is a smooth 
approximation to a sign function and responsible for changing 
the sign of the parameter r  in a very short period of time, in 

][ εε− .  Therefore, the envelope function approximates to 
Gaussian functions with two different decay rates before and 
after the peak point, i.e., 
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for a very small positive number ε .  For the above function to 
be a valid echo envelope (i.e., finite duration) the following 
conditions should hold: 
  11),0) <<−> riii α    
Before and after the reference point τ , the envelope can have 
effectively two different decay rates Lα  and Rα , 
 )1(),1( rr RL −=+= αααα   (4) 

The alternation of parameter α alpha between Lα  and Rα   
illustrated in Figure 1.b for a typical parameter set.  The 
parameter r  can be expressed in terms of the left and right 
half decay rates using Equation 4: 
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In summary, the parameters of the model are: 
 Lα : Decay rate for the left-half of envelope 
 Rα : Decay rate for the right-half of envelope 
 τ  : Arrival time  
 cf : Center frequency 
 ψ  : Chirp rate 

 φ   : Phase   
 β  : Amplitude 

For RL αα =  ( 0=r ) the envelope in Equation 2 reduces to 
a Gaussian function and the model in Equation 1 simplifies to 
the Gaussian Chirplet model.  Furthermore, when the Chirp 
rate is zero, the model reduces to the Gaussian Echo model.  
Therefore, this model generalizes these two existing echo 
models.   For typical values of parameters,     

]101515.010[][ −== MHzsfr c μβφψταθ the 
realization of the model echo is shown in Figure 1.a, the 
change of parameter α during echo period is shown in Figure 
1.b, and its magnitude spectrum is shown in Figure 1.c.  
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Figure 1.  An example of an asymmetric Gaussian Chirplet echo with typical 
parameters, a) Time-domain representation (solid line) and its envelope 
(dotted line), b) The change of parameter alpha with time, c) Magnitude 
spectrum. 
 

The AGC has desirable mathematical properties (n-th order 
integrable and differentiable) and is convenient for numerical 
calculations.  This model allows the envelope to be 
asymmetric and ensures a monotonic rise and decay before 
and after the time-of-arrival.  Most often, the symmetric 
envelope model is insufficient to represent echo envelopes that 
are often sharply rising before the peak and slowly decaying 
after.   
 

Before we address parameter estimation, we note that echo 
signal characteristics and transforms (bandwidth, energy, 
Fourier transform, time-frequency representation) can be 
analytically derived in terms of model parameters.  The energy 
of the AGC echo can be calculated as the energy of the 
envelope term since the energy of the sinusoidal is unity.  The 
echo energy depends on the amplitude and decay rates 
( RL αα , ).  The bandwidth of the echo depends on the decay 
rates ( RL αα , ).  Reference [1] outlines a procedure to derive 
the magnitude spectrum, energy and bandwidth of the echo. 

III. MAXIMUM LIKELIHOOD  ESTIMATION OF AGC 
PARAMETERS 

We now describe a procedure to estimate the parameters of 
the AGC model presented in Equation 1.  An observed echo 
with measurement noise can be written as 
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  )();()( ttsty υθ +=   (6) 
where );( ts θ  is the AGC model (Equation 1) whose discrete 
version can be written as: 
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where kTtk =  is the discrete time samples and T is the 
sampling interval.  The parameters of the model, bandwidth 
factor, asymmetry factor, arrival time, center frequency, chirp 
rate, phase and amplitude are stored in a parameter vector in 
this order as ].[ βφψταθ cfr=   The 

measurement noise )( ktυ  can be modeled as white Gaussian 
noise (WGN), thus the Maximum Likelihood Estimator 
(MLE) of the parameter vector can be obtained by solving: 
       2)(minargˆ θθθ sy −=    (8) 

where y represents the measured echo sampled with a 
sampling frequency above the Nyquist rate.   This non-linear 
LS problem can be solved with iterative least square 
optimization algorithms provided that the initial guess for the 
parameter vector is fairly close to the optimal solution.  For 
example, reference [1] provides a fast Gauss-Newton (GN) 
algorithm for parameter estimation of the Gaussian echo 
model.  This algorithm has been adapted for the AGC model, 
however it has been observed that the parameter estimation 
was heavily dependent on the initial guess.  In particular, the 
estimation of the asymmetry factor proved to be challenging 
since this parameter should only change in the range (-1, 1).  
As a result we developed a supervised Gauss Newton (SGN) 
algorithm by utilizing the Maximum a Posteriori Estimation 
(MAP) principle.  This principle provides a mechanism to 
control parameter estimation within specified bounds.  This 
algorithm is formally presented next. 
 
Supervised Gauss Newton Algorithm 

1. Set the initial guess and prior covariance matrix 

  )(nθ and ]))([( TEC θθθθθθ −−=    and 

 0=n  (outer loop iteration number) 
 

2. Set the prior mean )(][ nE θθμθ ==   as the initial guess  
 and set 0=k  (inner loop iteration number). 

3. Compute gradients )( )(kH θ and the AGC model )( )(ks θ  

4. Iterate the parameter vector via MAP estimation:  
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5. Check inner-loop stop criteria:  

     If 1)()1( tolerancekk <−+ θθ  or kMaxk > ,  

     Set )1()1( ++ → kn θθ  and continue on Step 6. 

     Otherwise, set )1()( +→ kk θθ , 1+→ kk  and go to Step 3.   

6. Check global convergence:  

    If 2)()1( tolerancenn <−+ θθ ,  STOP. 

    Otherwise, set )1()( +→ nn θθ , 1+→nn  and go to Step 2. 

Step 1 receives an initial guess and the predetermined 
covariance matrix for the parameter vector to control the 
variance from the prior means.  Step 2 sets the prior mean as 
the initial guess for the parameter vector.  Step 3 computes the 
gradients and the model in terms of new parameters. Step 4 
implements the MAP estimation under the assumed Bayesian 
linear model [11], wHx += θθ )(~ , where w denotes a WGN 
vector with variance 2

wσ . )(θH in Step 4 denotes the gradient 

matrix, i.e., ⎥
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Each column represents a partial derivative of AGC model with 
respect to a parameter.  Furthermore, the matrix 

))()(( θθ HH T  in Step 4 can be analytically computed to 
bypass inner product calculation [1]. This will significantly 
accelerate the algorithm.  Step 5 checks for local stop criteria, if 
the improvement in the parameter vector is greater than a preset 
tolerance (tolerance1) or the number of iterations exceeds a 
preset number (kMax) the inner-loop terminates and the 
algorithm proceeds with Step 6.  Otherwise the parameter 
vector is updated and the process starts with the new iteration 
on Step 3.  Step 6 checks for global convergence by comparing 
the improvement in the parameter vector against another preset 
tolerance (tolerance2).  If this is satisfied the algorithm stops, 
otherwise the parameter vector is updated and algorithm 
proceeds with Step 2. 

Using the parameter estimation algorithm above, the 
parameters of the AGC model is optimized to represent pulse-
echo waveforms obtained from planar surface reflectors.  
Figure 2 shows four different echo measurements and 
estimations.  Figure 2.a shows a measured echo (blue line) 
from a planar front surface reflector in water using a 5 MHz 
broadband transducer.  The envelope of this echo (see Figure 
2.a) is of skewed shape and tapers off slowly.  The AGC 
represents this envelope with a good accuracy and the 
sinusoidal chirp tracks the frequency drift noticeable in the 
echo.  Figure 2.b shows another measured echo (dotted line) 
from a back-surface reflector using the same transducer as in 
Figure 1.a.    Figure 2.c and Figure2.d show a front-surface 
echo and a back-surface echo measured using a 10 MHz 
broadband transducer.  The AGC model represents the 
measured echoes fairly well.  For comparison, we tested the 
Gaussian Chirplet echo model on these echoes.  Figure 3 
shows the echo estimation results in the same order as in 
Figure 2. One can visually observe the better fits with the 
AGC model.  The symmetric envelope limitation of the 
Gaussian Chirplet model is overcome with the AGC model.   
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Figure 2. AGC model fitting on several echoes obtained from flat surface 
reflectors using two different transducers: a) The estimated echo (solid red) 
for a measured echo (dotted blue) from a flat surface reflector in water (a 5 
MHz broadband transducer is used), b) The estimated echo (solid red) for a 
measured echo (dotted blue) from a back surface reflector in water for the 
same transducer used in (a), c) The estimated echo (solid red) for a measured 
echo (dotted blue) from a flat surface reflector in water (a 10 MHz 
broadband transducer is used), d) The estimated echo (solid red) for a 
measured echo (dotted blue) from a back surface reflector in water for the 
same transducer used in (c). 

IV. SPARSE REPRESENTATION OF ULTRASONIC ECHOES 
USING AGC MODEL 

Sparse signal decomposition methods based on a matching 
pursuit approach has been extensively used in ultrasonic NDE 
to represent complex ultrasonic signals in terms of model 
echoes.  Parametric echo models such as Gaussian echo and 
Gaussian Chirplet have been used to represent ultrasonic echo 
structures [3, 4, 8].  The new AGC model can be used in place 
of these models.  This model is incorporated in a sparse signal 
decomposition algorithm presented in [8].   

To demonstrate the AGC model in a signal decomposition 
algorithm, we use ultrasonic data acquired from a steel block 
that contains a flaw (see Figure 4.a) using a broadband 
transducer with a center frequency of 5 MHz.  The sampling 
rate is 200 MHz.  The decomposition signal is displayed in 
Figure 4.a in solid red line along with the measured signal in 
dotted blue line.  Furthermore, the TFR of the decomposed 
Gaussian echoes using the TF estimation technique described 
in [8] is shown in Figure 4c.  The TFR obtained via this type of 
decomposition can be useful for feature extraction.  In 
particular, flaw detection in large-grained materials is 
challenging because the grain scattering echoes dominate the 
flaw echoes.  In the Rayleigh scattering region, it has been 
shown that grain scattering results in an upward shift in the 
expected frequency of the ultrasonic signal [8].  On the other  

 
Figure 3. Gaussian Chirplet model fitting on the measured echoes shown in 
Fig. 2.  The model fits can be compared to those of AGC shown in Figure 2. 

hand, flaw echoes exhibit a downward shift in their expected 
frequency due to the overall effect of attenuation because flaws 
are generally larger in size than the grain hence behave like 
geometrical reflectors.  In summary, the flaw echoes exhibit 
high energy profiles at low frequency levels while grain echoes 
exhibit low energy profiles at high frequency levels [8].  This 
downward frequency shift of the flaw echo can be utilized as a 
discrimination tool.  The high energy density circles at low 
frequency levels in the TF contour plot (see Figure 4c) 
represent the flaw echo.  One can determine the exact location, 
frequency and energy of this echo by examining the parameters 
of the associated AGC function.   

0 2 4 6 8 10 12 14 16 18 20
-1

-0.5

0

0.5

1
a)

 

 

0 2 4 6 8 10 12 14 16 18 20
-1

-0.5

0

0.5

1
b)

Time [Microsec.]

F
re

q.
 [

M
H

z]

c)

0 2 4 6 8 10 12 14 16 18 20
0

2

4

6

8

10

Measured Data
Estimated Echoes

 
Figure 4. Sparse representation of microstructure grain echoes and a flaw echo 
using AGC model: a) Measured echo and sparse decomposition using 54 AGC 
model echoes, b) Residual signal after estimation, c) TF representation after 
decomposition. 
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The AGC model is also tested for the analysis of 
reverberation echoes acquired from a multi-layered test 
specimen [10].  The test specimen is prepared by placing an 
aluminum plate and a steel block in water, where there is a gap 
(water) between the plate and the block.  The echoes are 
captured with a 10 MHz nominal frequency transducer and 
sampled with 100 MHz frequency. These echoes are shown in 
Figure 5.a along with the estimated echoes.  The arrival times 
and amplitudes of the estimated echoes are shown in Figure 
5.b.  The model echoes fit the measured echoes with very 
reasonable accuracy.  The parameters of the model can be 
further analyzed to estimate test parameters, for example, the 
thickness of each layer, attenuation coefficient, etc. [10]. 
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 Figure 5. Parameter estimation of reverberation echoes: a) Reverberation 
 echoes measured from a multi-layared material and estimated echoes (blue line) 
 and estimated echoes (red line) using the AGC model, b) Arrival times and 
 amplitudes of the estimated echoes. 

V. CONCLUSIONS 
In this study we introduced the AGC echo model with an 

asymmetric envelope and linear chirp sinusoidal.  This model is 
designed to represent echoes from planar surface reflectors and 
geometric reflectors when using piezoelectric transducers in 
pulsed excitation.  We developed an optimization algorithm to 
estimate the parameters of this model.  The model is tested 
using echo measurements from planar surface reflectors 
obtained from different transducers.  It has been shown that the 
proposed model can represent diverse shape echoes better than 
the existing echo models.  We also incorporated this AGC 
model in a sparse decomposition algorithm and test it for real 
ultrasonic measurements such as grain scattering and flaw 
echoes in a microstructure material, and reverberation echoes 
from a multi-layered material.  In summary, this model 

generalizes previously used Gaussian echo and Gaussian 
Chirplet models, offers a greater flexibility in sparse 
decomposition, and likely to improve the performance of 
model-based ultrasonic echo estimation techniques.   
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