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Abstract — In this paper, an improved fixed-point hardware
design of QR decomposition, specifically optimized for Xilinx
FPGAs is introduced. A Givens Rotation algorithm is
implemented by using a folded systolic array and the
CORDIC algorithm, making this very suitable for high-speed
FPGAs or ASIC designs. We improve the internal cell
structure so that the system can run at 246MHz with nearly
24M updates per second throughout on a Virtex5 FPGA. The
matrix size can be easily scaled up.
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I. INTRODUCTION
In this paper, we developed an architecture for QR
decomposition [1] using the Givens Rotation algorithm
[2][3]. The proposed design, based on CORDIC
(Coordinate Rotation Digital Computer) algorithm [4][5]
and fixed-point calculations, is optimized for FPGA
platforms and the system can run at maximum speed at
246MHz.
The organization of the paper is as follows: The section
II provides a background discussion on QR decomposition
and the brief mathematic procedure. The section III
presents how to map the Givens Rotation to FPGA
architecture. In addition, the traditional cell structure is
compared with the proposed design and its optimization. In
the section IV, the results and error margins are discussed.
II. QR DECOMPOSITION AND GIVENS ROTATION
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beamforming is the QR Decomposition Recursive Least
Squares (QRD-RLS) algorithm, which has faster
convergence than LMS and is numerically stable.
Herdeg, et al. [8], used and evaluated the Givens
Rotation on GPU. Egecioglu [9] also compared the
Householder transformation on workstations. However, a
general purpose CPU including a DSP processor is not
capable of handling real time signal processing situations,
while Gentleman & Kung [10] first proposed a parallel and
pipelined triangular array.
There are different methods which can be used to
compute QR decomposition including Householder
Reflections,
Givens
Rotations,
Gram-Schmidt
Orthonormalization, and so on. Each algorithm has its pros
and cons. Due to its properties and mathematic procedure,
the Givens Rotation algorithm for VLSI is easy to
implement with pipelining and ASIC fabrication. In the
following sections, we introduce the Givens Rotation and
its high-speed implementation.
B. Givens Rotation Algorithm
Given a matrix A:

A = QR
where R is an upper triangle matrix, Q is orthogonal and
satisfies:

QT Q = I

A. QR Factorization and background
QR decomposition is one of the most significant
operations in linear algebra. It decomposes a matrix into an
orthogonal and a triangular matrix. It is one of the core
operations for Multiple Input Multiple Output (MIMO)
Orthogonal Frequency Division Multiplexing (OFDM). It
is commonly used to find the matrix inversion and
numerous applications in scientific computing like MultiUser Detection, Channel Estimation, the Spatial Filtering
Problem and Adaptive Beamforming [6]. For example, a
phased array system and adaptive beamforming can
overcome many of the interference problems encountered
[7]. The method for fast and numerically robust adaptive
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Givens Rotation eliminates one element in a matrix one at a
time. After a series of Givens Rotations are applied to zero
required elements, it produces the upper triangular matrix
R and Q, while Q is composed of a series of rotation
components.
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Here, an example of a 4 x 4 matrix Givens Rotation step
is given:
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a11 to eliminate a21 . For the first two rows,

First, we use

we generate the Givens rotation matrix:
⎛ c1
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−s
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⎝ 0

0 0⎞
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where:
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2

2
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(6)

Figure 1. Systolic Array for Givens Rotation

(ri = a2i ), i = 1, 2,3, 4 . By multiplying the

original matrix:
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The first two rows of the calculation procedure are
shown below:
⎛ c1 s1 ⎞ ⎛ a11
⎜
⎟⎜
⎝ − s1 c1 ⎠ ⎝ r1
⎛ ca +sr
= ⎜ 1 11 1 1
⎝ − s1a11 + c1r1
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⎟
r4 ⎠
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(8)

(9)
Figure 2 a) Traditional boundary cell structure [11]
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X
X

X
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(10)

a21 has been zeroed. By following the same procedure, we
can obtain the upper triangle matrix. In the next section, we
will see how to map the algorithm to FPGA and its
improvements.
III. FPGA IMPLEMENTATION
A. Previous work and systolic architecture
From Section II, it can be clearly seen that for each two
rows, the first column is calculated for cosine (c) and sine
(s) pair, whereas the others are for rotation. Based on this
rule, the systolic architecture can be mapped as Figure 1 as
4 by 4 matrix. Each row has a boundary cell to generate
cosine and sine value to feed internal cells. Each circuit
works in a pipelined fashion, one cell at a time.
Inside the boundary cell, Xilinx Reference design [11]
gives a solution as shown in Figure 2.a, while a double
CORDIC structure is presented in [5][4] which divides into
a master and a slave to generate cosine and sine in
Figure2.b. Lattice [12] also provides a CORDIC rotation
combined with division and multiplier for implementation.

Figure 2 b) Traditional boundary cell structure [4]

B. Proposed QR decomposition design
The Givens Rotation is an iterative algorithm; the next
calculation depends on the previous results. This is a
critical issue in the hardware design of the systolic triangle
array. Previous research showed that there is a feedback
loop inside the boundary cell due to the recursive algorithm
property. However, for the hardware, pipelining cannot be
used in the feedback loop, resulting in a very low clock
frequency and low throughput of the system. This is in
conflict with the requirements of real time signal
processing applications. To solve the problem for the inside
feedback loop, we examine the mathematical procedure.
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14 bits fractional digits, which range from -1.99999 to

Assuming input matrix as:

⎛ x a12
⎜
⎝ r a22

a13
a23

2

a14 ⎞
⎟
a24 ⎠

(11)

Where r is a value needs to be zeroed. So,

c=

a
2
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r
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r
2
k −1
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2

rk −1 × rk −1

2

is used. Therefore, we rewrite the

equations as:
2

c=±

a
r + a2
2
k −1

2

s=

r
r + a2
2
k −1

r = r2 = 2 ×

(12)

For each iteration, r is updated to rk −1 , and in the next
iteration,

1.99999, the r is between 0 to 3.99999. Therefore, the
integer part will be two digits. The square root core can
only deal with one integer digit fraction number using
CORDIC IP core. Hence, in order to obtain the result, we
write r as:

(13)

For 0< r <4, so: 0<

1 2
r
2

(15)

1 2
r <2
2

Thus, data needs to be shifted right and then the square
root will follow. After the square root operation, we
multiply with
2 .
2 can be written as
“0101101010000010”. Here we use sub-expression “101”
for the optimization. So the whole constant multiplier
needs 4 adders instead of 5. Equations (16) and (17) are
calculated using Figure 5 below.

r = rk −1 for each update, and rk −1 is positive as is s.
rk2 = rk2−1 + a 2

(14)

The proposed boundary cell can be implemented using
the above equations, as shown in Figure 3. Following the
equation (13), the square root actually was extracted from
iteration bound, and iteration structure corresponds to
equation (14).Within the cell, the multiplier and square root
operations are removed from the feedback loop. An adder
and a multiplier can use the MAC hard core called DSP48
available inside the Xilinx Virtex 5 FPGA fabric; this can
provide highest resource efficiency. S is positive all the
time, whereas the sign digit is determined by input data.

Figure 5. Internal cell structure and critical path

Figure 3. Improved boundary cell structure

For the design, we set the input data as 1 bit sign digit, 1
bit integer digit, and 14 bits fraction digits as an example.
Sign
(1 bit)

Integer
Fraction
(1 bit)
(14 bits)
Figure 4. Number representation

However, for the structure shown in Figure 3, we cannot
get the direct result of the boundary cell itself since only

r 2 is calculated each time. If we want the value of r,
another square root core is necessary for the computation.
Assuming input data obey 1 sign digit, 1 integer digit, and

aout = − sain + crk −1

(16)

rk = ain c + srk −1

(17)

To accelerate speed in the rotator cell, we need to first
find the critical path inside the circuit. The latency of the
rotator cell is determined from input data to output data,
while the feedback loop from output delay to multiplier
determine the maximum clock frequency. In order to obtain
the best performance with resource optimization, two
DSP48 hard cores and two resource-saving multipliers are
used to finish the task. Additionally, the cosine and sine
inputs also call for delay for the next rotator cell
computation to follow the timing.
For a high scalability, a simple interface is necessary for
each cell between rows and columns. Data will be still
running even at the end of inputs due to the feedback loop
of the pipelining system. Therefore, the timing issue
becomes very critical in the design. A communication
protocol (state machine) between different cells is designed
to give a hand shaking signal to other cells. This way, the
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rotator cell and boundary cell have very strong scalability
for different column and row sizes.
We select a Xilinx Virtex 5 XUP [11] device as our
implementation platform. Virtex 5 provides a
reconfigurable fabric, including Block RAMs for FIFOs
and on-chip memory, DSP 48 blocks for Multiply
Accumulates (MACs), clock management, etc.
IV. ERROR ANALYSIS AND SIMULATION RESULTS
In the design, 16-bit fixed-point number representation
is used. A testbench is created for testing the results with
MATLAB, which generates random numbers for the matrix.
The matrix is then imported for test vectors. The Modelsim
behavior simulation result show that the total latency is 180
clock cycles, with maximum frequency worked at 246MHz.
Every cell works in parallel and the stream latency is 5
clock cycles. A MATLAB generated test vector is given as
input:
⎛ 0.8147
⎜
0.9058
x=⎜
⎜ 0.1270
⎜
⎝ 0.9133

0.6323

0.9575

0.0975

0.9648

0.2784

0.1576

0.5469

0.9706

0.9572 ⎞
⎟
0.4854 ⎟
0.8002 ⎟
⎟
0.1418 ⎠

• Minimum input arrival time before clock: 2.988ns
• Maximum output required time after clock: 2.826ns
V. CONCLUSION AND FUTURE WORK
In this project, improved FPGA implementation of a
Givens Rotation is presented. The feedback loop problem
is address, and a very high throughout is achieved. The
results from Modelsim and MATLAB are compared to
verify the correct functionality. Further work is expected
on large matrix size decomposition as well as using
dynamic reconfigurable technology to optimize size and
area. Another issue is that the division operation creates a
large latency. Future research would focus on fast inverse
square roots on FPGA and VLSI implementation to reduce
latency.
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