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Abstract—In this paper, a high precision QR decomposition
implementation on FPGA is discussed. The Gram-Schmidt
algorithm is used and synthesized from high level language to
Register Transfer Level (RTL) Verilog HDL, using High Level
Synthesis (HLS). The RTL Code is synthesized and implemented
on Xilinx Zedboard FPGA. The IP core that is generated during
simulation is designed for 10x10 floating point and fixed point
implementation which can be scaled up for higher matrix sizes.
The results for scaled up 100x100 matrix implementation are also
discussed. Fixed point data type provides twice as fast
implementation and consumes nearly 30% less area compared to
floating point implementation with no more than 3% error in
precision, for 10x10 matrix size. The error percentage would vary
with the size of matrix as well.
Keywords—FPGA, Gram-Schmidt, HLS, QR Decomposition,
ZedBoard.

I.

INTRODUCTION

In this paper, an IP core that is designed using High Level
Synthesis (HLS) is discussed. The implemented core performs
QR decomposition of 10x10 input matrix A and generates two
10x10 matrices, Q and R as outputs. The data type used here is
floating point data type which gives higher precision and
dynamic range [1]. An alternative to this is also introduced,
which consume less resources and uses 16-bit fixed point data
type, but has a precision tradeoff [1]. The design is further scaled
up to 100x100 matrix size for both floating and fixed points
implementations using loop unrolling technique [2] [3] which is
used to increase the performance is also discussed. Based on the
data type used, two different designs are created for various
applications where precision and resource utilization is desired.
This paper is structured as follows: Section II provides a
brief discussion about the QR decomposition algorithm using
Gram-Schmidt. Section III discusses the HLS design flow and
implementation, and section IV discusses the proposed design
implementation results.
II.

QR DECOMPOSITION USING GRAM-SCHMIDT

A. QR Decomposition Techniques
There are various applications of QR decomposition in the
field of linear algebra and digital signal processing [4]. It is used
in various signal processing applications such as echo
cancellation, Multiple Input Multiple Output (MIMO) and
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beamforming systems [5]. Design and verification of a QR
decomposition is complex and requires higher time-to-market
(TTM). To reduce TTM and create more efficient design a HLS
design and verification method is proposed.
The aim of QR decomposition is to factorize a linearly
dependent matrix A in to two different matrices, Q and R, where
Q is unitary matrix and R is upper triangular matrix, such that A
= QR. There are several QR factorization algorithms used for
hardware implementations, such as Givens Rotation,
Householders transform, and Gram-Schmidt [5]. These
algorithms have different computational power, numerical
stability and latency [6]. We will discuss Gram-Schmidt
algorithm hardware implementation and verification in this
paper.
B. Gram-Schmidt Algorithm
In certain applications, the computation is simplified if we
have orthogonal vectors. We can produce an orthogonal set of
vectors Tꞌ from T with same span as T. This is Gram-Schmidt
Orthogonalization [7]. So, for set of vectors T = {p1, p2, …….,
pn}, we must find a set of vectors Tꞌ = {q1, q2, ……., qnꞌ} with
nꞌ ≤ n so that, span{q1, q2, ……., qnꞌ} = span{p1, p2, ……., pn}
and ‹qi , qj› = δi,j..
The algorithm works as follows [5] [7].
•

First step is to normalize the vector by applying (1) to
calculate q1.
=

•

(1)

|| ||

Compute the difference in projection between p2 onto
q1 and p2 by using (2) which is shown in the Fig. 1.
=

−

‹ , ›
|| ||

=

−‹ ,

›

(2)

If e2 = 0 than it is discarded. If e2 ≠ 0 than we normalize as
in (3).
=

(3)
|| ||
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modified to create a separate test-bench and top function. The
HLS tool, for top function, supports certain libraries for
mathematical function but doesn’t support standard I/O library,
so a separate top module must be designed which would perform
the desired function. Designed top function can be tested using
a test-bench created using standard C++ libraries. This top
function will be converted to an IP block which will perform the
desired function, like the top function.
Fig. 1. Orthogonal Projection of Vectors [5]

•

Similarly, we can obtain e3 and q3 as shown below in (4)
and (5).
=

−‹ ,

=
•

›

−‹ ,

›

(4)

After this we run the C simulation to test our results using
GCC/CLANG compiler embedded in the tool. After it passes we
run the C synthesis to generate the IP block with RTL level
Verilog HDL code. The generated IP block is tested against C
test-bench which we call C/RTL co-simulation. Complete high
level synthesis design flow is shown in Fig. 2.

(5)
|| ||

So similarly, we have following generalized form of ek
qk as in (6) and (7) respectively.

=

−

=

‹

, ›

(6)

(7)
|| ||

So now matrix A = {p1, p2, ……., pn} and Q can be obtained
by stacking vectors qn such that, Q = {q1, q2, …., qnꞌ} and
similarly R can be obtained as shown below,
|| ||
=

‹ , › ‹ , › … ‹ , ›
|| || ‹ , › … ‹ , ›
|| || … ‹ , ›
⋮
… || ||

This gives decomposition of A in to two matrices Q and R.
III.

HIGH LEVEL SYNTHESIS DESIGN FLOW AND
IMPLEMENTATION

For the implementation [8], the algorithm is first coded in
C++ language. This code is than synthesized to RTL level
Verilog HDL code using HLS. HLS creates IP block that has the
same behavior as described in higher level language. This IP
block is then combined with the Zynq IP Cores to synthesize and
implement [8] the complete design on FPGA.
A. HLS Design Flow
The HLS design flow [9] [10] simply converts C/C++ code
into HDL after some modifications. The algorithm in C++ is

Fig. 2. HLS Flow [11]

On passing all the test, final IP block is generated. This IP
block is to be exported to the FPGA. This whole process is
discussed in the next section.
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B. Overall Synthesis and Implementation Flow
After generating the RTL block using HLS, this IP block
needs to be connected to Zynq Processing System and the Block
RAMs in the Zynq7020 chip, to complete the design. The input
matrix and output matrix are stored in the Block RAM which
could be accessed via Zynq using BRAM controllers. This
whole design is synthesized and physically implemented, to test
the timing and power estimates based on the final physical
implementation. After implementation, a bit-stream file is
generated which is imported to ZedBoard. The implemented
design is tested using the test-bench and the results could be
compared between the hardware and software in terms of timing
and precision/percentage error. The Complete Synthesis and
implementation flow is shown in Fig. 3.

IV.

IMPLEMENTATION RESULTS

In these implementations two different type of data types are
used.
•

32-bit floating point data type

•

16-bit fixed point data type

A test bench is created in C++ which takes a randomly
generated 10x10 matrix as an input. The implementation results
are compared with MATLAB. The algorithm was implemented
in C++ and it was synthesized to RTL level using High Level
Synthesis, and an IP block was generated. The IP block
generated was then implemented on ZedBoard which has Zynq
7000 and a dual core Cortex-A9 processors.
The implementations with floating point and fixed point data
type discussed here having their advantages and can be used for
applications based on the requirements. The floating-point
implementation provides nearly 100% precision with the
resource utilization shown in Table I for post synthesis results.
TABLE I.

POST RTL SYNTHESIS RESOURCE UTILIZATION FOR
FLOATING POINT DATA TYPE

Name

Utilization

Total Available

% Utilization

LUT

5862

53200

11.02

FF

4250

106400

3.99

DSP48E

6

220

2.73

BRAM_18K

2

280

0.71

Resource utilization for fixed point data type for post RTL
synthesis result is shown in Table II.
TABLE II.

POST RTL SYNTHESIS RESOURCE UTILIZATION FOR FIXED
POINT DATA TYPE

Name

Utilization

Total Available

% Utilization

LUT

5291

53200

9.95

FF

3960

106400

3.72

DSP48E

6

220

2.73

BRAM_18K

6

280

2.14

For fixed point data type implementation, there is nearly
30% reduction in resource utilization compared to floating point
implementation. The comparison of resource utilization between
the floating point and fixed point data type is shown in the Fig.
4. These results are for post implementation stage.

Fig. 3. Design Implementation flow [11]

In the next section the implementation results are discussed
for floating point matrix input and outputs.

The post synthesis results show that the implementation with
fixed point data type is twice as fast as floating point data type.
The maximum latency for floating point design is 21,073 clock
cycles and with fixed point design is 10,591 clock cycles. The
clock frequency used is 100MHz. These latencies are for post
RTL synthesis results.

Authorized licensed use limited to: Illinois Institute of Technology. Downloaded on October 02,2020 at 15:15:50 UTC from IEEE Xplore. Restrictions apply.

485

To increase the performance of 100x100 matrix
implementation, loop unrolling technique is used. Two different
implementations, one with unrolling factor 2 and another with
unrolling factor 4 are presented. This technique shows reduction
in latency with the tradeoff of area utilization.
Table V and Table VI shows post RTL synthesis results for
100x100 matrix with loop unrolling factor of 2. This
implementation show 32% reduction in latency for floating point
and 25% reduction in latency for fixed point implementation
with respect to original 100x100 implementation.
Fig. 4. Post-Implementation Resource Utilization Comparison for 10x10 Matrix

The 10x10 matrix was scaled up to 100x100 matrix size. The
resource utilization increased by a small factor with increase in
the latency. Table III and Table IV shows post RTL synthesis
resource utilization results for floating point data type and fixed
point data type respectively.
TABLE III.
POST RTL SYNTHESIS RESOURCE UTILIZATION FOR
FLOATING POINT DATA TYPE 100X100 MATRIX
Name

Utilization

Total Available

% Utilization

LUT

6093

53200

11.45

FF

4391

106400

4.13

DSP48E

6

220

2.73

BRAM_18K

2

280

0.71

TABLE IV.

POST RTL SYNTHESIS RESOURCE UTILIZATION FOR FIXED
POINT DATA TYPE 100X100 MATRIX

Name

Utilization

Total Available

% Utilization

LUT

5467

53200

10.28

FF

4240

106400

3.98

DSP48E

6

220

2.73

BRAM_18K

50

280

17.86

TABLE V.
POST RTL SYNTHESIS RESOURCE UTILIZATION FOR
FLOATING POINT DATA TYPE 100X100 MATRIX WITH UNROLL FACTOR 2
Name

Utilization

Total Available

% Utilization

LUT

7914

53200

14.88

FF

5632

106400

5.29

DSP48E

19

220

8.64

BRAM_18K

4

280

1.43

TABLE VI.
POST RTL SYNTHESIS RESOURCE UTILIZATION FOR FIXED
POINT DATA TYPE 100X100 MATRIX WITH UNROLL FACTOR 2
Name

Utilization

Total Available

% Utilization

LUT

6074

53200

11.42

FF

4596

106400

4.32

DSP48E

16

220

7.27

BRAM_18K

50

280

17.86

Fig. 6 shows comparison between floating point and fixed
point, post implementation results of 100x100 matrix with unroll
factor of 2. It shows that fixed point implementation has nearly
50 percent reduction in resource utilization compared to floating
point implementation and is nearly 3 times faster. The latency
has decreased at the cost of area utilization.

Fig. 5 shows comparison between floating point and fixed
point, post implementation results. It shows that fixed point
implementation has nearly 40 percent reduction in resource
utilization compared to floating point implementation and is 3
times faster as well.

Fig. 6. Post-Implementation Resource Utilization Comparison for
100x100 matrix with unroll factor 2

Fig. 5. Post-Implementation Resource Utilization Comparison for 100x100
Matrix

Similar to the unrolling factor 2, Table VII and Table VIII
shows post RTL synthesis resource utilization results for
unrolling factor 4. This implementation shows nearly 52%
reduction in latency for floating point and 45% reduction in
latency for fixed point implementation compared to the original
100x100 matrix implementation. As a tradeoff to the latency
improvement, resource utilization has increased by 15% from
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original percent of resource utilization for both floating point
and fixed point implementation.

both for floating point and fixed point data type, with and
without loop unrolling technique. These latencies are for post
synthesis results and for 100MHz clock frequency.

TABLE VII.
POST RTL SYNTHESIS RESOURCE UTILIZATION FOR
FLOATING POINT DATA TYPE100X100 MATRIX WITH UNROLL FACTOR 4
Name

Utilization

Total Available

% Utilization

LUT

8349

53200

15.69

FF

5950

106400

5.59

DSP48E

27

220

12.27

BRAM_18K

4

280

1.43

TABLE VIII. POST RTL SYNTHESIS RESOURCE UTILIZATION FOR FIXED
POINT DATA TYPE 100X100 MATRIX WITH UNROLL FACTOR 4
Name

Utilization

Total Available

% Utilization

LUT

7223

53200

13.58

FF

5574

106400

5.24

DSP48E

28

220

12.73

BRAM_18K

50

280

17.86

Fig. 7 shows comparison between post implementation
results of floating point and fixed point, for 100x100 matrix with
unroll factor of 4. It shows that fixed point implementation has
nearly 46 percent reduction in resource utilization compared to
floating point implementation and is nearly 2.8 times faster. The
latency has decreased at cost of resource utilization.

V.

CONCLUSION AND FUTURE WORK

In this work, a unique way of implementing Gram-Schmidt
algorithm using HLS, for 10x10 matrix input and a scaled up
100x100 matrix implementation is discussed [12]. Two different
data types were used which have different applications. The
floating-point implementation has very high precision [12] and
can be used if the precision is the priority. The fixed-point data
type with 16-bit inputs provide a better option with 30 percent
reduction in resource utilization and twice faster than floating
point implementation, with error not more than 3 percent.
A scaled up 100x100 matrix application is also discussed
with the results which shows around twice as much resource
utilization post implementation and with increase in latency.
Latency reduction technique, loop unrolling [2] [3], is discussed
which shows significant improvement in the latency with
resource utilization tradeoff. This shows a new approach for QR
decomposition technique using high level synthesis and any of
these implementation techniques could be selected based on
application.
The future scope of this project is to improve this
implementation by further optimizing the algorithm and trying
to achieve higher throughput by trying different
hardware/software implementation techniques.
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